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To the memory of David Gale, whom Lionel McKenzie referred to as the “beautiful math-

ematician”.

Abstract

Gale (1955) proved the excess demand theorem (known as the Gale-Nikaido-Debreu

theorem) by means of the Knaster-Kuratowski-Mazurkiewicz (KKM) lemma. We gen-

eralize the excess demand theorem to infinite dimensional spaces by means of the Fan

(1961) infinite dimensional extension of the KKM lemma.

1 Introduction

One of the fundamental problems in economic theory is the existence of a competitive equilib-

rium. Perhaps this is one of the deepest problems in economic theory as it is mathematically

demanding.

The first attempt to prove the existence of an equilibrium was made by Walras (1874)

in his revolutionary book “Elements of Pure Economics” that introduced the neoclassical

economic theory that we study today. However, the existence proof of Walras was at best
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incomplete. It was Von Neumann (1937) who provided a rigorous existence proof but his

proof was focused on a closed production model rather than a competitive equilibrium for an

economy. The first existence of equilibrium proofs for an economy were given by McKenzie

(1954) and a few months later by Arrow and Debreu (1954). Both proofs were based on

fixed point theorems. Specifically, McKenzie’s proof was based on a clever mapping whose

Kakutani fixed point yielded an equilibrium (that was the first application of the Kakutani

fixed point theorem in economics). Arrow and Debreu had a different approach. Specifically,

they converted the economy into a game (or social system as it was called by Debreu (1952))

and by appealing to an existence theorem of Debreu (1952) they showed that the game

has a non-cooperative equilibrium à-la Cournot-Nash. Then they demonstrated that the

existence of a non-cooperative equilibrium for the game implies the existence of a competitive

equilibrium for the economy. The Eilenberg and Montgomery fixed point theorem was used

in the Debreu paper and a fortiori in Arrow and Debreu (1954) as it was Debreu’s existence

theorem that was applied.

Subsequently, Gale (1955), Nikaido (1956), Debreu (1956), and Kuhn (1956) all provided

proofs of the so-called “excess demand theorem” or “Gale-Nikaido-Debreu (GND) theorem”.

The idea is to describe the whole economy by an excess demand correspondence and show

that there is an equilibrium, i.e., a price vector that clears the markets (see Section 2 of

this paper). Gale’s proof is based on the Knaster-Kuratowski-Mazurkiewicz lemma (KKM

lemma), Nikaido and Debreu provided similar proofs based on the Kakutani fixed point

theorem, and Kuhn’s proof is based on the Eilenberg and Montgomery fixed point theorem.

It should be noted that all those proofs are finite dimensional. It is our purpose to

generalize the excess demand theorem to infinite dimensional spaces. Specifically, we will

follow the Gale approach and employ the infinite dimensional generalization of the KKM

lemma due to Fan (1961). Our infinite dimensional version not only gives as a corollary the

excess demand theorem of Gale, Nikaido, Debreu, and Kuhn, but it is also more general as

three of the main assumptions needed are weakened (see Section 3).

The paper proceeds as follows. Section 2 describes the mathematical preliminaries and

the economy. Section 3 presents the theorem. Section 4 provides concluding remarks.
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2 Model

2.1 Notation and Definitions

We let 2A denote the set of all subsets of A; R` denotes the `-fold Cartesian product of the set

of real numbers R and R`
` denotes the closed positive orthant of R`; intA denotes the interior

of the setA, clA denotes its closure, and conA denotes its convex hull; AzB :“ tx P A : x P A

and x R Bu denotes the set subtraction. If X is a linear topological space, its topological dual

is the space X 1 of all continuous linear functionals on X; if q P X 1 and y P X, the value qpyq of

q at y is also denoted by q¨y; if C is a subset of X, we let C˝ “ tp P X 1 : p¨x ď 0 for all x P Cu

be the polar cone of C.

Let X be a topological space and let Y be a linear topological space. A correspondence

ψ: X Ñ 2Y is said to be upper semi-continuous (u.s.c.)1 if the set tx P X : ψpxq Ď V u

is open in X for any open subset V of Y . A correspondence ψ: X Ñ 2Y is said to be

upper demi-continuous (u.d.c.) if the set tx P X : ψpxq Ď V u is open in X for any open

half space V of Y . Clearly an u.s.c. correspondence is also u.d.c.. It can be easily checked

that the reverse is not true. The correspondence ψ: X Ñ 2Y is said to have open lower

sections if for all y P Y , the set ψ´1
pyq “ tx P X : y P ψpxqu is open in X. If ψ has open

lower sections, then it is lower semi-continuous, i.e., the set tx P X : ψpxq X V ‰ Hu is

open in X for any open subset V of Y .

2.2 Economy and Equilibrium

An economy E is a set of triples E “ tpXi, ui, eiq : i P Iu where:

• I is a finite set of agents, i.e., I “ t1, 2, ..., nu,

• Xi Ď R` is the consumption set of agent i,

• ui : Xi Ñ R is the utility function of agent i, and

• ei P Xi is the initial endowment of agent i.

1Sometimes, upper semi-continuous is also called upper hemi-continuous.
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Let ∆`´1
“ tp P R`

` :
ÿ̀

l“1

pl “ 1u denote the price set. The budget set of agent i is a

correspondence Bi : ∆`´1
Ñ 2R` defined by Bippq “ txi P Xi : p ¨ xi ď p ¨ eiu, that is, the

set of admissible consumptions whose value, i.e., p ¨ xi, cannot exceed the value of the initial

endowment (resources), i.e., p ¨ ei.

The demand set of agent i is the set of optimal consumptions in the budget set, i.e.,

the demand set is a correspondence Di : ∆`´1
Ñ 2R` defined as

Dippq “ txi P Bippq : uipxiq ě uipyiq, @yi P Bippqu.

The excess demand correspondence ζi for agent i is defined by ζippq “ Dippq ´ teiu,

and the aggregate excess demand ζ : ∆`´1
Ñ 2R` is defined by ζppq “

ÿ

iPI

ζippq.

An equilibrium for the economy E “ tpXi, ui, eiq : i P Iu is a consumption-price pair

px˚, p˚q P
ź

iPI

Xi ˆ∆`´1 such that:

(i) x˚i P Dipp
˚
q for all i P I,

(ii)
ÿ

iPI

x˚i ď
ÿ

iPI

ei.

Equivalently, we say that the economy E has an equilibrium if there exists a price p˚ P ∆`´1

such that ζpp˚q X p´R`
`q ‰ H.

In this sequel we will describe the economy by an excess demand correspondence ζ :

∆`´1
Ñ 2R` . This is the approach originated by Gale, Nikaido, Debreu, and Kuhn. Although

we consider in this paper a finite set of consumers, the excess demand theorem can also apply

to infinitely many consumers. In particular, in the above setting, one could replace the finite

set I with an atomless measure space, and also replace the sum with an integral. See for

example Khan and Yannelis (1991).

2.3 Finite Dimensional Excess Demand Theorem

Gale (1955) and subsequently Nikaido (1956), Debreu (1956), and Kuhn (1956) proved the

following finite dimensional fundamental result in general equilibrium theory.
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Theorem 1 (Excess Demand Theorem). Let ∆`´1
“ tp P R`

` :
ÿ̀

l“1

pl “ 1u be the price

simplex in R`, and ζ : ∆`´1
Ñ 2R` be an excess demand satisfying the following assumptions:

(i) the correspondence ζ is u.s.c.,

(ii) for all p P ∆`´1, ζppq is nonempty, compact, and convex,

(iii) (Walras’ Law) for every p P ∆`´1 and for every z P ζppq, p ¨ z ď 0.

Then, there exists an equilibrium, i.e., there exists p˚ P ∆`´1 such that ζpp˚qXp´R`
`q ‰ H.

Gale’s proof of the above theorem is based on the Knaster-Kuratowski-Mazurkiewicz

lemma (KKM lemma), Nikaido and Debreu provided similar proofs based on the Kakutani

fixed point theorem, and Kuhn’s proof is based on the Eilenberg and Montgomery fixed

point theorem.

3 An Infinite Dimensional Generalization of the Gale

Excess Demand Theorem

3.1 Infinite Dimensional Excess Demand Theorem

This section provides an infinite dimensional generalization of the previous excess demand

theorem (Theorem 1), whose proof will rely on the KKMF lemma, an infinite dimensional

generalization of the KKM lemma due to Fan (1961).

We now state our main result.

Theorem 2. Let X be a Hausdorff locally convex linear topological space, C Ď X a closed,

convex cone (of vertex 0) such that C ‰ X and intC ‰ H. For v P intC, define ∆ “ tp P

C˝ : p ¨ v “ ´1u and let ζ : ∆ Ñ 2X be an excess demand correspondence such that:

(i) ζ : ∆ Ñ 2X is weak* u.d.c., i.e., ζ is u.d.c. with ∆ Ď X 1 endowed with the relative

weak* topology of X 1, and X endowed with its initial Hausdorff topology;

(ii) for each p P ∆, ζppq is nonempty, closed, and convex;
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(iii) (Weak Walras’ Law) for all p P ∆, there exists z P ζppq, such that p ¨ z ď 0.

Then, there exists p˚ P ∆ such that 0 P cl
“

ζpp˚q ´ C
‰

.

Moreover, if we additionally assume that the excess demand ζ is compact valued, then

there exists an equilibrium, i.e., p˚ P ∆ such that ζpp˚q X C ‰ H.

We point out that Theorem 2 also generalizes the finite dimensional result of Gale-

Nikaido-Debreu-Kuhn as piq our excess demand correspondence is only assumed to be u.d.c.

(a weaker condition than u.s.c.), piiq Walras’ law is stated in a weaker form, in the sense

that, for all p P ∆, p ¨ z ď 0 for some z P ζppq (instead of for all z P ζppq), and piiiq we show

the existence of a price p˚ satisfying a weaker form of equilibrium when the excess demand

correspondence is not assumed to be compact valued.

The proof of the theorem is given in the next section and it relies on the following

infinite dimensional generalization of the KKM lemma, due to Fan (1961), that will be

called hereafter the KKMF lemma.

Lemma 1 (KKMF Lemma). Let Y be a nonempty subset in a Hausdorff linear topological

space V and F : Y Ñ 2V satisfy:

(i) F pxq is closed for all x P Y and F pxq is compact for some x P Y , and

(ii) the convex hull of any finite subset tx1, ..., xnu of Y is contained in
n
ď

i“1

F pxiq.

Then,
č

xPY

F pxq ‰ H.

A proof of the KKMF lemma can be found in Fan (1961). See also Section 4 for the

equivalence between the KKMF lemma and a fixed point theorem due to Browder (1968).

3.2 Proof of Theorem 2

The proof of the theorem is a consequence of the following claims.

‚ Claim 1. The set ∆ is nonempty and weak* compact.

Proof. For the weak* compactness we refer to James (1970). We now prove that ∆ is

nonempty. Since C is a closed convex cone (of vertex 0) that is not the whole space, we
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deduce that Co
‰ t0u from the bipolar theorem. Thus, we can choose q˚ P C˝, q˚ ‰ 0

and it suffices to prove that q˚ ¨ v ă 0 (where v P intC by assumption), which implies that

q˚{ ´ q˚ ¨ v P ∆.

We now prove that q˚ ¨v ă 0. Indeed, there exists e P X such that q˚peq ‰ 0 (since q˚ ‰ 0)

and we can additionally suppose that q˚ ¨ e ą 0. Thus, for t ą 0 small enough, v ` te P C

(since v P intC), hence q˚ ¨ pv ` teq ď 0 (since q˚ P C˝). Thus, q˚ ¨ v ď ´tq˚ ¨ e ă 0.

‚ Claim 2. Dp˚ P ∆, @q P ∆, Dz P ζpp˚q, q ¨ z ď 0.

Proof. Define the correspondence F : ∆ Ñ 2∆ by:

F pqq :“ tp P ∆ : Dz P ζppq, q ¨ z ď 0u for q P ∆.

Then Claim 2 is equivalent to:

Dp˚ P ∆, p˚ P
č

qP∆

F pqq.

The existence of such a p˚ is a consequence of the KKMF lemma and we only need to

prove that all assumptions of KKMF lemma are satisfied by the correspondence F .

piq We first show that, for each q P ∆, F pqq is weak* closed in ∆. To see this, let q P ∆,

then Vq “ tx P X : q ¨ x ą 0u is an open half space in X, thus the set ∆zF pqq “ tp P ∆ :

ζppq Ď Vqu is weak* open in ∆ since ζ is weak* u.d.c.. Thus F pqq is weak* closed in ∆.

Moreover, for all p P ∆, F ppq is weak* compact, since F ppq is a weak* closed subset of

∆, which is weak* compact by Claim 1.

piiq We now prove that for any set of points tq1, ..., qnu Ď ∆, contq1, ..., qnu Ď
n
ď

ι“1

F pqιq.

Suppose otherwise that there exists q P contq1, ..., qnu, that is, q “
n
ÿ

ι“1

λιqι for some λι ě 0,

such that
n
ÿ

ι“1

λι “ 1, and q R
n
ď

ι“1

F pqιq, that is, q P
n
č

ι“1

∆zF pqιq. This implies that ζpqq Ď

Vqι :“ tx P X : qι ¨ x ą 0u for all ι, that is, for all z P ζpqq one has qι ¨ z ą 0 for all ι, and

hence, q ¨ z “
n
ÿ

ι“1

λιqι ¨ z ą 0. But this contradicts the Weak Walras’ Law (Assumption piiiq).

‚ Claim 3. 0 P cl
“

ζpp˚q ´ C
‰

for some p˚ P ∆.

Proof. We let p˚ as in Claim 2 and we prove that 0 P cl
“

ζpp˚q ´ C
‰

by contradiction.

Suppose that 0 R cl
“

ζpp˚q ´ C
‰

. Then the point 0 and the nonempty, closed, convex set

cl
“

ζpp˚q ´ C
‰

Ď X can be strictly separated by a continuous linear functional, i.e., there
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exists q˚ P X 1, q˚ ‰ 0 such that:

0 “ q˚ ¨ 0 ă inf
xPclrζpp˚q´Cs

q˚ ¨ x ď inf
zPζpp˚q, cPC

q˚ ¨ pz ´ cq.

Thus one has:

a :“ sup
cPC

q˚ ¨ c ă inf
zPζpp˚q

q˚ ¨ z “: b.

But a “ 0 since C is a cone (of vertex 0). Thus, sup
cPC

q˚ ¨ c ď 0, that is, q˚ P C˝. Recalling

that q˚ ‰ 0 we deduce that q˚ ¨ v ă 0 (as already shown in the proof of Claim 1). We let

λ :“ ´q˚ ¨ v ą 0 and, from above, we deduce that pq˚{λq P ∆. Consequently, from Claim 2,

for q :“ pq˚{λq P ∆, there exists z˚ P ζpp˚q such that pq˚{λq ¨ z˚ ď 0. Thus

b :“ inf
zPζpp˚q

q˚ ¨ z ď q˚ ¨ z˚ ď 0.

Then b ď 0 contradicts the above inequality 0 “ a ă b.

‚ Claim 4. If ζpp˚q is additionally assumed to be compact, then:

0 P cl
“

ζpp˚q ´ C
‰

ô 0 P ζpp˚q ´ C ô ζpp˚q X C ‰ H.

Proof. The first equivalence follows from the fact that the set ζpp˚q´C is closed since ζpp˚q

is compact and C is closed. To prove the second equivalence, notice that 0 P ζpp˚q´C if and

only if 0 “ z ´ c for some pz, cq P ζpp˚q ˆC if and only if z P ζpp˚q XC for some z P X.

4 Concluding Remarks

The first remark shows that Theorem 2 can be proved as a consequence of Browder (1968)

fixed point theorem, following Yannelis (1991) who proved that the KKMF lemma and the

Browder fixed point theorem are equivalent in the sense that each one can be derived from

the other.

Theorem 3. Let Y be a nonempty, compact, convex subset of a Hausdorff linear topological

space and φ : Y Ñ 2Y be a convex and nonempty valued correspondence with open lower

sections. Then φ has a fixed point, i.e., there exists x˚ P Y such that x˚ P φpx˚q.

The Browder fixed point theorem can be equivalently stated as follows.

Theorem 4. Let Y be a nonempty, compact subset of a Hausdorff linear topological space

and φ : Y Ñ 2Y be a convex valued correspondence with open lower sections such that

x R φpxq for all x P Y . Then there exists x˚ P Y such that φpx˚q “ H.

8



Remark 1. In the proof of Theorem 2, one can replace the KKMF lemma with the Browder

fixed point theorem to prove Claim 2 and the rest of the proof is unchanged:

(Claim 2:) Dp˚ P ∆, @q P ∆, Dz P ζpp˚q, q ¨ z ď 0.

Alternative Proof of Claim 2. Define the correspondence φ : ∆ Ñ 2∆ by:

φppq “ tq P ∆ : q ¨ z ą 0, @z P ζppqu.

Notice that the statement of Claim 2 is equivalent to saying that φpp˚q “ H for some

p˚ P ∆. Thus, we will deduce Claim 2 from the Browder fixed point theorem (Theorem 4)

and we only need to check that all its assumptions are satisfied. Indeed, first p R φppq for

all p P ∆; otherwise we get a contradiction with the Weak Walras’ Law (Assumption piiiq).

Second, φ is clearly convex-valued. Finally, for all q P ∆,

φ´1
pqq :“ tp P ∆ : q P φppqu “ tp P ∆ : ζppq Ď Vqu with Vq :“ tz P X : q ¨ z ą 0u

is weak* open in ∆ since Vq is an open half-space and ζ is weak* u.d.c..

Remark 2. Alternative infinite dimensional proofs of the excess demand theorem have been

obtained by Aliprantis and Brown (1983) and Yannelis (1985). The Aliprantis-Brown proof

used an approximation argument and it is stated in terms of excess demand functions instead

of correspondences. The proof by Yannelis (1985) makes use of the Tychonoff fixed point

theorem. As shown in Yannelis (1985), the Aliprantis and Brown (1983) is a corollary of

Yannelis (1985) and a fortiori a corollary of our Theorem 2.

Remark 3. Recent works by He and Yannelis (2016), Cornet (2020), Khan and Uyanik

(2021), Anderson et al. (2022), and Podczeck and Yannelis (2022) have shown that the con-

tinuity assumption on the excess demand theorem can be further weakened to the continuous

inclusion property. As in He and Yannelis (2016), one can show that the proof of Theorem 2

can be modified to allow for an excess demand correspondence satisfying the continuous

inclusion property. We hope to take up those details in a subsequent paper.

References

Aliprantis, C. D. and Brown, D. J. (1983). Equilibria in markets with a Riesz space of

commodities. Journal of Mathematical Economics, 11(2):189–207.

9



Anderson, R. M., Duanmu, H., Khan, M. A., and Uyanik, M. (2022). Walrasian equilibrium

theory with and without free-disposal: theorems and counterexamples in an infinite-agent

context. Economic Theory, 73(2):387–412.

Arrow, K. J. and Debreu, G. (1954). Existence of an equilibrium for a competitive economy.

Econometrica: Journal of the Econometric Society, pages 265–290.

Browder, F. E. (1968). The fixed point theory of multi-valued mappings in topological vector

spaces. Mathematische Annalen, 177(4):283–301.

Cornet, B. (2020). The Gale–Nikaido–Debreu lemma with discontinuous excess demand.

Economic Theory Bulletin, 8(2):169–180.

Debreu, G. (1952). A social equilibrium existence theorem. Proceedings of the National

Academy of Sciences of the United States of America, 38(10):886–893.

Debreu, G. (1956). Market equilibrium. Proceedings of the National Academy of Sciences of

the United States of America, 42(11):876–878.

Fan, K. (1961). A generalization of Tychonoff’s fixed point theorem. Mathematische Annalen,

142(3):305–310.

Gale, D. (1955). The law of supply and demand. Mathematica Scandinavica, pages 155–169.

He, W. and Yannelis, N. C. (2016). Existence of Walrasian equilibria with discontinuous, non-

ordered, interdependent and price-dependent preferences. Economic Theory, 61(3):497–

513.

Khan, M. A. and Uyanik, M. (2021). The Yannelis–Prabhakar theorem on upper semi-

continuous selections in paracompact spaces: extensions and applications. Economic The-

ory, 71(3):799–840.

Khan, M. A. and Yannelis, N. C. (1991). Equilibria in markets with a continuum of agents

and commodities. In Khan, M. A. and Yannelis, N. C., editors, Equilibrium theory in

infinite dimensional spaces, pages 233–248. Springer.

10



Kuhn, H. W. (1956). A note on “The law of supply and demand”. Mathematica Scandinavica,

pages 143–146.

McKenzie, L. (1954). On equilibrium in Graham’s model of world trade and other competitive

systems. Econometrica: Journal of the Econometric Society, pages 147–161.

Nikaido, H. (1956). On the classical multilateral exchange problem. Metroeconomica,

8(2):135–145.

Podczeck, K. and Yannelis, N. C. (2022). Existence of Walrasian equilibria with discontinu-

ous, non-ordered, interdependent and price-dependent preferences, without free disposal,

and without compact consumption sets. Economic Theory, 73(2):413–420.

Von Neumann, J. (1937). Uber ein okonomsiches gleichungssystem und eine verallgemeiner-

ing des browerschen fixpunktsatzes. In Erge. Math. Kolloq., volume 8, pages 73–83. Trans-

lated in Review of Economic Studies, 1945-6.

Walras, L. (1874). Elements of pure economics. Translated from the French by William Jaffé
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