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Abstract

We study the optimal dynamic mechanism for an experience good in which the buyer
learns his valuation through consumption. The buyer chooses the initial consumption
based on his rough valuation. Consuming more induces a finer valuation estimate, after
which he determines the final demand. The seller faces the tradeoff that inducing more
experimentation initially improves screening for the second stage but reduces the remaining
capacity. We provide a full characterization of the optimal mechanism and show that the
seller induces higher experimentation for buyers with higher initial valuations, who reserve
the right to buy the remaining quantity at a lower per-unit price. We then generalize
the feasibility constraint and find that the monotonicity of the allocation persists as
long as early consumption does not reduce total feasible capacity. Methodologically, we
demonstrate how global incentive compatibility can be established in a setting where the
evolution of private information fails to satisfy first-order stochastic dominance.
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1 Introduction

In many markets, the true value of the product is initially uncertain and the buyer
can acquire information through consumption. Importantly, the precision of learning
is endogenous to the quantity consumed. This leads to a tradeoff: purchasing a larger
initial quantity generates a more precise value estimate, which allows for a more informed
decision in the subsequent stage. However, this experimentation is costly, since the
quantity consumed in the exploration/learning stage will crowd out those available for

the exploitation stage.

This tradeoff arises in the market for enterprise Al solutions. Consider a firm (buyer)
seeking to integrate a generative Al system into its core operations. Because the firm
has a fixed set of operational tasks — such as customer support inquiries that could
potentially be answered by Al — its demand for the solution is limited. Providers (sellers)
such as Microsoft Azure typically structure contracts that allow the firm to conduct a
paid “pilot run” before committing to the full-scale adoption. Through this pilot, the
firm pays an upfront fee to experience the solution and receives a signal regarding its
value. Providers offer a menu of options differentiated by the scale of the “pilot run”
and the associated pricing structure. The choice of the bundle is driven by the firm’s
prior belief. More optimistic firms are willing to pay a higher upfront fee and conduct
a larger-scale pilot in order to secure better terms in the future, even though doing so
leaves a smaller scope for further adoption. This paid “Proof of Concept” model allows

firms to validate demand and enables providers to screen for serious prospects.

The video game industry provides another example of this tradeoff. Video game
publishers (sellers) often release multiple tiers of a game, targeting players (buyers)
with different initial valuations. The standard tier, aiming to attract buyers with
low initial valuations, offers the base game along with the option to buy additional
content afterwards. At the other extreme, the most elite tier, targeting devoted fans,
offers the full experience at a price lower than the combined cost of buying the base
game and all additional content separately. Between the extremes, publishers often
target intermediate-valuation buyers by offering tiers that include the base game and
selected additional content, with further add-ons that can be purchased later. This
tiered structure offers a screening mechanism by dividing the full experience into priced
components, allowing players to experience part of the content before deciding whether

to make further purchases.

Applications with similar features are widely observed in other industries as well. In



digital advertising with audience targeting, an advertiser (buyer) buys impressions from
a platform (seller) to target a fixed size of audience segment (e.g., luxury car buyers
in California). The advertiser can purchase an initial batch of impressions to learn
the campaign’s return, which inevitably consumes a portion of the target audience.!
In professional consulting, firms (sellers) often offer clients (buyers) a paid “diagnostic
phase” to reduce uncertainty, which consumes hours that could otherwise be dedicated

to the actual implementation phase.

The structure described above leads to a novel mechanism design problem. From the
seller’s perspective, she needs to balance the tension between information and quantity.
Inducing a larger initial purchase helps the buyer acquire more precise information, which
generates revenue and potentially increases their willingness to pay for the second stage
(the information effect). However, it shrinks the quantity available for that high-value
second stage (the quantity effect). How should a revenue-maximizing seller incorporate
such learning-by-consuming into her selling mechanism? To address this, we study a
two-stage model in which a risk-neutral monopolist sells one unit of a divisible good to a
risk-neutral buyer. The buyer’s valuation depends on a match quality that is uncertain at
stage one. The buyer observes a rough private valuation and chooses an initial quantity
to consume, which generates additional private information under the rotation order.?
With the updated valuation estimate, the buyer determines his second-stage consumption

level.

In this setting, the first-stage allocation (i.e., consumption) plays a dual role.® First,
it serves as an instrument for both information acquisition and revenue realization. A
higher first-stage allocation not only yields a more precise signal for the buyer but also
secures a portion of the revenue for the seller. Second, it defines an intertemporal
constraint that limits the seller’s potential payoff. If the updated information reveals
a high valuation, the seller can extract surplus from this high willingness-to-pay only
over the remaining capacity, rather than the full unit. Consequently, the seller must

incorporate these two conflicting incentives into her optimal pricing strategy.

We fully characterize the revenue-maximizing mechanism and demonstrate that the
optimum can be implemented via a menu of try-and-decide contracts. Each contract in

the menu specifies a first-stage quantity, an upfront payment, and a per-unit strike price

TAs noted in the literature, a user exposed to the test ad is often considered “burned” or less
responsive to subsequent exposures; see, for example, Tellis (1988).

2See Section 2 for details. Studies that also use this information order include, for example, Johnson
and Myatt (2006), Hoffmann and Inderst (2011) and Shi (2012).

3We use “allocation” and “consumption” interchangeably.



for the remaining capacity at the second stage. When the buyer selects a contract, he
purchases the specified initial quantity to update his valuation, and secures the option

to obtain the remaining quantity at the prescribed strike price.

The optimal menu exhibits a clear structure. Specifically, the optimal first-stage
allocation is monotonically increasing in the buyer’s initial valuation estimate. A buyer
with a more promising private valuation estimate is incentivized to purchase a larger
first-stage quantity, which is paired with a lower per-unit strike price for the second
stage. Consequently, if a buyer ends up purchasing the entire unit, the total payment
is lower for those who commit to a larger first-stage quantity. In equilibrium, a buyer
with a higher private valuation estimate pays more upfront to consume more in the first

stage, and “locks in” lower prices for the remaining portion.

The intuition behind this optimal contract comes from the seller’s need to balance the
information effect against the quantity effect under capacity constraints. Our analysis
reveals that for buyers with optimistic value estimates, the information effect dominates.
Since these buyers are confident in the value, the seller finds it optimal to extract the
revenue early before any potential bad news arrives. By offering a contract with a
larger first-stage quantity, the seller not only facilitates learning but also obtains upfront
revenue. To induce this high level of experimentation, the seller needs to subsidize the
buyer via a discounted future strike price. On the other hand, low-type buyers face the
risk of receiving bad news, and prefer a safer contract with a lower first-stage quantity

to avoid possibly over-investing in a low-value product.

The format of the optimal try-and-decide contracts closely resembles practical
contracts. For example, our optimal mechanism explains the industry practice where
providers offer tiered “Proof of Concept” packages in the enterprise Al market. Big
firms self-select a “strategic pilot” by committing to a significant upfront payment, and
as a result, the provider promises a lower per-unit price for future full-scale deployment.*
On the other hand, small firms often opt for a “light pilot” with a small-scale test, but
face a higher future strike price. Our mechanism rationalizes these industry pricing

schedules given the tradeoff between information acquisition and capacity allocation.

On the technical side, establishing global incentive compatibility (IC) in our setting is
non-trivial. In canonical sequential screening models (e.g., Courty and Li (2000) and Es6
and Szentes (2007a)) under the condition of first-order stochastic dominance, local 1C

combined with the monotonicity of the allocation rule typically suffices. In our setting,

“For example, as remarked in the industry research by McKinsey (Singla et al., 2025), larger
companies are experimenting more with gen Al tools to help realize the value.



the evolution of private information fails to satisfy the first-order stochastic dominance
under the rotation order. Furthermore, Pavan, Segal and Toikka (2014) identify “integral
monotonicity” as the necessary and sufficient condition for IC in dynamic environments.
As remarked in their paper, “The integral monotonicity condition (8) is, in general, not
an easy object to work with.” To address this difficulty, they provide four stronger but
more tractable sufficient conditions. As we shall discuss in Section 4.3, the “single
crossing condition,” which is the weakest of these sufficient conditions, fails in our
setting.” Instead of relying on standard sufficient conditions, we show that our global
incentive compatibility follows jointly from the local constraints and the optimality of

the allocation itself.%

Finally, we examine the robustness of our results by relaxing the fixed capacity
assumption. We find that the properties of the optimal contract continue to hold in
natural settings. Specifically, the first-stage allocation remains monotone as long as
the total feasible capacity does not decrease with early consumption. A non-monotone
(hump-shaped) allocation occurs only in environments where early consumption heavily
penalizes future capacity, so that the seller might limit experimentation for high-type

buyers to preserve their future demand.

The rest of the paper is organized as follows. Section 2 sets up the model. We
analyze the solution of a relaxed problem in Section 3 and the optimal mechanism in
Section 4. Section 5 considers the general feasibility constraint, and Section 6 concludes.

The Appendix collects omitted proofs.

Literature

Our paper contributes to the literature on dynamic mechanism design. A common
assumption in the standard sequential screening models is that the agent’s information
evolves exogenously, where a higher first-stage type implies a “better” distribution of the
second-stage type in the sense of first-order stochastic dominance (FOSD); see Courty
and Li (2000), Esé and Szentes (2007a,b), Krdhmer and Strausz (2015), and Li and
Shi (2022), among others. See also Battaglini (2005), Garrett and Pavan (2012) and

5Note that this single crossing condition should be distinguished from the single crossing condition
mentioned elsewhere in this paper when not referring to Pavan, Segal and Toikka (2014). The latter is
also known in the literature as the constant sign or Spence—Mirrlees condition.

6See Section 4.3 below for detailed discussions about the global incentive compatibility.



Boleslavsky and Said (2013) for the infinite-horizon models.” The information evolution
in our model is endogenous, as the distribution of the second-stage valuation depends on
the buyer’s first-stage consumption.®

by the rotation order, which fails to satisfy FOSD.? Courty and Li (2000) also discuss

This learning-by-consuming structure is induced

the case where types are ranked by the rotation order and characterize the optimal
mechanism in a restricted subdomain. Kriahmer and Strausz (2017) note that the single
crossing condition fails globally in the setting of Courty and Li (2000), and that the
subdomain studied there is one where the single crossing condition holds.'® Our approach

directly tackles this global failure.

Within the dynamic mechanism design literature, our work relates to the strand on
information provision. In previous works, the channel of information is often independent
of the product itself. The principal may control information release directly; see Eso and
Szentes (2007a), Li and Shi (2017), and Guo, Li and Shi (2025). Alternatively, the
agent may acquire information through his own actions. For example, the agent may
gather information through hidden action; see Krahmer and Strausz (2011). He may also
acquire information through search (Armstrong and Zhou, 2016), or through costly entry
(Lu, Ye and Feng, 2021). In Hoffmann and Inderst (2011), the principal sells a product
and a separate, costly information provision service. The optimal information provision
in their setting is hump-shaped in the buyer’s first-stage valuation. Intuitively, providing
too much information to high types is suboptimal, because it might reveal “bad news”
and discourage them from buying. In our setting, however, learning cannot be separated
from consumption. The buyer learns if and only if he consumes, and consumption itself
provides a payoff. This leads to a monotone relationship between the buyer’s type and
the amount of information learned, which differs from the hump-shaped information

provision in Hoffmann and Inderst (2011).

In general, our setting belongs to the dynamic environments studied by Pavan,
Segal and Toikka (2014), in which they provide a general characterization of incentive

compatibility via “integral monotonicity.” They also noted that this condition may not

"The literature on dynamic mechanism design is too vast to be discussed in the context of this paper.
We refer the readers to the survey Bergemann and Valiméki (2019) for more details.

8Liu and Lu (2018, 2022) also incorporate endogenous information into sequential screening models.
They assume the FOSD structure, which simplifies the incentive constraints significantly.

9Krahmer and Strausz (2017) show that FOSD in the sequential screening setting is “equivalent” to
the usual single crossing condition (or the Spence-Mirrlees condition) in the static screening setting. As
is well known, without the single crossing condition, solving the optimal mechanism can be challenging
even in the static screening problems; see, for example, Araujo and Moreira (2010) and Schottmiiller
(2015). In our setting, the standard approach does not apply due to the violation of FOSD.

10See Krihmer and Strausz (2017, Remark 5) for further discussion.



be easy to work with. As we discussed before, the four tractable sufficient conditions
therein are not applicable in our setting. In terms of applications, Pavan, Segal and
Toikka (2014) apply their framework to a “bandit auction,” which shares the feature
of learning-by-doing. There are several differences. First, FOSD is satisfied in their
bandit auction setting, whereas our endogenous information structure follows a rotation
order. Second, learning in their setting is binary: a bidder learns only when he wins
the auction. In our model, learning is a continuous, active choice, and its precision is
directly determined by the quantity consumed in the first stage. Third, their bandit
auction application assumes no intertemporal resource constraint, as the good is non-
storable and one unit is supplied in every period. In our paper, the presence of the

capacity constraint introduces a novel economic trade-off.

Finally, our paper connects to the literature on experimental consumption and
learning.  Seminal papers such as Prescott (1972) and Grossman, Kihlstrom and
Mirman (1977) study the single-agent control problem, highlighting the role of current
consumption in generating information for better future choices. In the setting of
dynamic pricing, Shapiro (1983) analyzes how a monopolist uses low prices to induce
experimentation when consumers are initially uncertain about the quality. Bergemann
and Véliméki (2006) examine a private-value environment where ex ante identical
buyers learn through consumption, focusing on equilibrium pricing strategies rather
than optimal mechanisms. Relatedly, Bonatti (2011) studies learning in a menu-pricing
context, where the agent’s private valuation does not evolve and the amount of market
information is determined by the total quantity. Our work focuses on mechanism design
with an intertemporal capacity constraint. The optimal contract must balance the benefit
of learning against both rent extraction and the opportunity cost under fixed capacity.
We characterize the optimal mechanism under full commitment, where the principal

designs the allocation to manage the buyer’s endogenous learning.

2 The model

A risk-neutral monopolist sells one unit of a divisible good to a risk-neutral buyer in two
stages. The buyer’s true valuation V' € (—o00, +00) of the good depends on how well the
good fits him. At stage one, the buyer is uncertain about V', but he observes a “rough”
valuation of the good, v;. Relying on this rough valuation, the buyer purchases ¢; € [0, 1]

units of the good. The true valuation V is jointly determined by v; and the additional



information ¥,. We assume without loss of generality that E[t,] = 0 and V = vy + 051
For tractablity, we assume that v; and o, are independent.!? Consuming/experiencing
¢1 units of the good provides the buyer with additional information to learn about vs.
With a more precise assessment of the good, at stage two, the buyer decides how many

further units ¢o € [0,1 — ¢1] to buy. The buyer’s outside option is normalized to be 0.

From the seller’s perspective, v; is a random draw from a cumulative distribution
function (CDF) G(-), which admits a strictly positive continuous density function g
over the support [0,1]."% The buyer learns additional information about @, through
consumption. After buying ¢; units of the good, the buyer forms a posterior estimate
vg of Dy. From an ex ante perspective, vy follows the CDF F'(-|q;). The realization of
vy is again the buyer’s private information. The seller’s goal is to design a contract that

maximizes her revenue.

Intuitively, consuming more at stage one helps the buyer acquire more precise infor-
mation at stage two. The precision of the additional information vs through consumption
is captured by the rotation order (cf. Johnson and Myatt, 2006). Specifically, for any
q1 € (0,1] and vy € (—o0,+00), F(ve|q1) is continuously differentiable in ¢; such that

> (0, when vy < 0;

OF (v
% =0, when vy =0;

<0, when vy > 0.

When ¢; = 0, F(:|¢1) degenerates to a mass at E[t,] = 0, capturing no additional
information gained if there is no consumption. For convenience, suppose that when
@1 > 0, F(v3]q1) is twice continuously differentiable in vy and the corresponding density

function f(va]q1) > 0. We also assume that for any vy # 0, lir{)lJrF(vQ\ql) = F(15]0).
a—

To illustrate the setting, consider the following “truth-or-noise” example, which has

" This additive representation is without loss of generality, because one can define the difference
between the true valuation and the rough valuation as the additional information.

12The first-stage valuation v; can be interpreted as the buyer’s baseline (ex ante) expected fit/value,
and Uy as a residual component of fit that is revealed through consumption/experience. Equivalently,
under a population interpretation, there is a continuum of buyers indexed by their baseline type wvq
(with the distribution G of v; introduced below). Buyers differ in v; (across-buyer heterogeneity), while
U9 is an idiosyncratic residual shock to fit. The assumption o3 1 v; means that the distribution of this
residual shock is the same for all baseline types — 1i.e., the distribution of “surprises” about fit does not
vary with vy. If v; and 09 are correlated, the informativeness of later learning becomes type-dependent
and one typically needs additional restrictions on the information structure; see, for example, Courty
and Li (2000) and Es6 and Szentes (2007a). We focus on the current setting, as working with the more
general structure will make the analysis much more complicated.

131t is without loss to assume that the support is [0, 1].



been studied in the literature; see, for example, Lewis and Sappington (1994) and

Johnson and Myatt (2006).

Example 1 (Truth-or-noise). After consuming g, units, the buyer observes a signal s
of Ua. The signal is true (i.e., s = Uy) with probability q, and is completely noisy
(i.e., s is an independent random draw from the same CDF as 0y ) with probability 1 — q;.
Denote the CDF of Uy by H(+), which is twice continuously differentiable over the support

(—00,+00). Then, when observing the signal s, the buyer’s posterior estimate of Uy is
vy = Elt]s, q1] = 15 + (1 — 1) E[o] = qis.

Thus, ex ante, vy follows the CDF F(va|q1) = H(32), which satisfies all the assumptions

mentioned above.

Next, we introduce two functions C'(-) and M(-), which are needed for our general
analysis. Specifically, C(vy,q1) is the buyer’s expected total consumption across two
stages, and M (vq, q1) represents the marginal rate of substitution between the initial

experimentation ¢; and the ex post threshold vs.

After consuming ¢ units, imagine that the buyer adopts a simple threshold plan
vo. That is, he will buy the rest 1 — ¢; units at stage two only when the additional
information acquired is sufficiently good, in the sense that the additional information
is higher than the threshold vy. Thus, the buyer’s expected consumption in the second

stage is (1 — ¢1)(1 — F(v2]q1)), and the expected total consumption across two stages is

Clog, 1) =q1 + (1 —q)(1 = F(va|q)) =1 = (1 — q1) F(v2|q1). (1)

When ¢; > 0, it is clear that a higher threshold vy — 1i.e., requiring better information

— leads to a drop in C, as the partial derivative with respect to vy,

aC(U2>CI1)

Ovs = —(1—q)f(v2]q) <O.

However, the effect of a higher first-stage consumption ¢; on C' is ambiguous. The

“marginal rate of substitution” is

90(2.01) OF (vala1)
M (v, q1) = T __ 1 Flwla) 4 T
) 80(81;227(11) 1—q f(va]qr) f(valqr)

for any (va,q1) € R x (0,1).



We make the following assumption regarding M (ve, q1).

Assumption 1. For any q; € (0,1) and vy < v,
M(vy, 1) <0 = M(vh,qu) <O0.

Remark 1. Assumption 1 is a natural assumption regarding the substitution between
the first-stage consumption and the threshold of additional information. It says that: If
at a particular level of first-stage consumption q; and a certain threshold of additional
information v, the buyer is willing to sacrifice his first-stage consumption in exchange
for a lower threshold of information (i.e., a lower vy), then he will still be willing to do
so when the threshold of information is more stringent than vy (i.e., higher than vs).

Note that Assumption 1 holds when F(va|q1)/f(velq1) is increasing in vy and
%ﬂql)/f(vﬂql) s decreasing in vy. The former condition is equivalent to assuming
that F(vs|q1) is log-concave in ve. The latter condition is the same as Assumption 3
in Shi (2012) and can be interpreted as a supermodularity requirement on the inverse of
F(va]q1). Specifically, the posterior estimate vy, conditional on being in its p-th percentile,
is supermodular in p and q;.** In the truth-or-noise example above, the latter condition is

automatically satisfied, while the former condition is satisfied when H(x) is log-concave.

Finally, we assume the standard hazard rate condition on G.

Assumption 2. We assume that %v(lv)l) 15 strictly decreasing in v;.

We shall focus on truthful direct mechanisms {q1(71), g2(r1,72),t(71,72) }ric0,1]rocr;
which is without loss of generality; see Myerson (1986). In the first stage, when the buyer
reports 71, the seller allocates ¢;(r1) units of the good to him. In the second stage, vy
is realized according to F'(-|gi(r1)). Given the buyer’s second-stage report 7, the seller

allocates ga(r1,72) units of the good to the buyer and demands a payment ¢(rq,72).

2.1 The buyer’s problem

Suppose that the buyer truthfully reported v; at stage one, but he reports ry despite
that the true second-stage type is vy. Let @(vy, 72, v2) be his expected payoff at stage

Met p = F(v2|q1), which defines vy as a function of p and ¢, namely vo = v2(p,q1) := F~(p|q1).
Clearly, vy is strictly increasing in p, as f(va|q1) > 0. Moreover, note that

Ovs OF (v2|q1) o 9?0y 0 OF (v2|q1) Ovg
- == mpl h =— |- i
Jar oa. f(valgr) implies that 9000, ~ o3 o0, fvalqn) R

supermodularity is therefore equivalent to the condition imposed here.

10



two: u(vy,Te,v9) = (v1 + v2)g2(vy,m2) — t(vy,72). Envelope theorem yields

du(vy, ve, v Ou(vy, 19,V
( 1, U2, 2) — ( 1,72 2)|r2:v2 - QQ(UbUQ)‘
dvg an

Denote ¥(v1) = vy — 1—9(2(11;1)7 which is strictly increasing by Assumption 2. The
following result characterizes the second-stage IC. Part (i) is a standard result in the
mechanism design literature, establishing that, on the equilibrium path, IC is equivalent
to the envelope condition and allocative monotonicity.’> Part (ii) follows a similar
argument to that in Lemma 4 of Esé and Szentes (2007a). Therefore, we omit the

proof of Lemma 1.

Lemma 1. (i) Suppose that the buyer reports the first-stage type vy truthfully. The
second-stage IC constraint is satisfied if and only if the following two conditions
hold.

(a) For any vy and vy,
V2

(01, V3, v2) = (0, —h(on), —b(0n) + / ads )

(b) The second-stage allocation gs(vyi,vs) is increasing in vy for any vy.

(i1) On the other hand, suppose that the buyer’s first-stage type is vy but he reported
ry in the first stage. Then, when he observes vy in the second stage, he will report

ro = ra(vy,T1,v2) Such that ry + ro(v1,71,v2) = V1 + V.

Based on Lemma 1, the expected payoff of the buyer with first-stage type v; and

report r; can be expressed as

“+00

Ulor,m) = ai(r) / (01 + v2) F(dvslgs ()
+/+oo

The first-stage IC constraint requires that for any vy and ry, U(vy,v1) > U(vq1,7r1). The

(v1 + v2)qa(r1, 72 (V1,71,02))

_t<,rlu T2(U17 T, U2))

F(dva|gi(r1)).

following result provides a necessary condition for the first-stage IC constraint (all the

proofs are relegated to the Appendix).

5Following a truthful report in the first stage, the second-stage IC is essentially the standard static
IC in the mechanism design literature, as in Myerson (1981).

11



Lemma 2. The first-stage IC constraint implies that for any vy,

—+o00

Ulvs, o) = U(0,0) + /0 ! [ql(s)—l— /_ 0o, v2) F(dvslqu ()| ds.

[e.9]

2.2 The seller’s problem

The seller’s expected revenue is the difference between the social welfare and the buyer’s

ex ante expected payoff. By Lemma 2, it can be written as

n= 1 {ovanto + [ (w4 valon )P (sl () o)

[e.9]

—/01 U(vy,v1)g(v1) duy
_ /1 U(v)qi(vr)

+ [T (v1) + va]a(ve, v2) F(dva| i (v1))
Now we are ready to state the seller’s problem as follows.

] g(vy)dvy = U(0,0).

Problem (O) : max R
(q1,g2,t)
subject to
constraint (2) and g2(vq,v2) is increasing in vy for any wvy; (3)
U(vy,v1) > U(vy, 1), for any vy, r; (4)
0<q(v)<1and 0 < go(v1,v9) <1—qi(v1), for any vy, va; (5)
U(vy,v1) > 0, for any v. (6)

Here, (3) is the equivalent condition for the second-stage IC constraint, (4) is the first-
stage IC constraint, (5) is the feasibility constraint imposed on allocations, and (6) is

the individual rationality constraint.

Clearly, at the optimum, U(0,0) = 0. By the standard integration by parts, the

seller’s ex ante revenue becomes

1
R—/

Notice that Lemma 2 implies that for an IC mechanism, (6) holds if and only if U(0,0) >
0. Assuch, with U(0,0) = 0, we can drop constraint (6). We further drop constraints (3)

Y(v1)qi(v1)

U1 dUl.
+f_+of[w(v1) + o] g2 (v, v2) F'(dve|qi (v1)) 9(v)

12



to (4) and thus can omit the choice variable ¢ to form a relaxed problem — Problem (O-R):

max R
(q1,92)

subject to constraint (5).

If the solution to Problem (O-R) satisfies (3) and (4), then it also solves Problem (O).
As such, we will first solve Problem (O-R), and then verify that its solution satisfies all

the constraints in the original problem.

3 The solution to Problem (O-R)

In Problem (O-R), the integrand is pointwise linear in go. Therefore, for each fixed
first-stage allocation rule ¢, the following second-stage allocation rule g maximizes the

objective function R:

L —qi(vn), if (v1) +v2 > 0;
q2(U17U2) =
0, otherwise.

In the Appendix, we show that

E 400
R = /0 |:77Z)(U1)QI(U1) +/ [(v1) + vo)(1 — Q1(vl))F(dU2|q1(v1))} g(vy) duvy (7)

p(v1)

g(v1) dvy. (8)

oo

1 =9 (v1)
= /O [@D(Ul) + (1 — Ch(Ul))/ F(v2]qi(v1)) dog

To facilitate the presentation, define the seller’s revenue from a type-v; buyer with

the first-stage consumption ¢; as

= (v1)
(g1, v1) = (v1) + (1 - Q1)/ F(v2]qq) dvs. 9)

—0o0

For each vy, let ¢i(vy) be the maximizer of I1(qy,v1) in ¢ € [0, 1]. Finally, define
vi =1 1(0) and 0, = inf{v; €[0,1] : ¢} (v1) > 0}.

We have the following observation.

Lemma 3. The allocation pair {q;(vi), ¢5(v1,V2) }o,c0,1]),00er S0lves Problem (O-R):

13



(i) The first-stage allocation qi(vy) is the mazimizer of

—(v1)
H(Ql, Ul) = w(Ul) + (1 - Q1)/ F(”Q‘Ql) dvy

— 00

in q € [0,1] for each vy. In particular, there exists a culoff 01 < vi such that
¢i(v1) =0 for all vy < vy if any. For all vy € [01,1], ¢f(v1) € [0,1) is characterized
by the first-order condition:

—tp(v1) va| gt (vy
[ [Freson + 0 - e 22D 4, o o)

Moreover, for all vy € (01,1], ¢f(v1) € (0, 1).
(i) The second-stage allocation rule ¢ is

L —qi(v1), if ¥(v1) + e > 0;

0, otherwise.

qz(vla U2) -

In particular, when vy < 01, F(:|¢i(v1)) degenerates to a mass at 0 and g3(vy,ve) =

0 for all vs.

The above lemma implies that there is a first-stage cutoff type v, below which both
the first-stage allocation and the second-stage allocation are zero. Hence, there is no
consumption at the bottom of the distribution G. Moreover, this cutoff is strictly below
vi. This is because a buyer with a not-too-low first-stage type would still be willing to
induce some experimentation, as he knows that his ex post value (i.e., v; + v) can be
high. The seller then should take advantage of this by setting a positive allocation for
such first-stage types. However, when the first-stage type is so low (below ©;) that the ex
post value is quite unlikely to be sufficiently high, the buyer does not find it worthwhile to
experience the good. The seller, anticipating this, should set a zero first-stage allocation

in this case.

The following result establishes the monotonicity of the optimal first-stage allocation

rule.

Lemma 4. The first-stage allocation q;i(vy) is strictly increasing in vy € [0y, 1].

The intuition results from the seller’s tradeoff between information and quantity.

14



Recall that in (7), the seller’s revenue from a type-v; buyer can be expressed as:

+oo
q - P(o)  + (1—aq) : / [ (v1) + vo] F(dve|qr)
. LY Y ) —tp(v1)
1st-stage quantity virtual value remaining quantity N ~~

revenue from per-unit 2nd-stage consumption

The first term g19(v1) is the revenue gained from the first-stage consumption, while the
second term is the revenue generated from the second-stage consumption. After rewriting

the integral, as in (8), the above equation can be expressed as

—t(v1)
wi() +  (1-q) o) o+ [ Pl de
— ——— —— oo
1st-stage revenue remaining quantity | per-unit revenue w/o learning ~ ~~ d

additional per-unit revenue w/ learning

The square bracket decomposes the seller’s revenue from each unit of second-stage
allocation into two parts: (i) the revenue gained had there been no learning (the “base
revenue” ) and (ii) the additional revenue gained from offering the buyer the option of

learning.

A key feature of our model is that the higher the initial consumption level ¢ is,
the more additional private information the buyer acquires about the true value of the
good. This yields a tradeoff between information and quantity on the seller’s revenue
when designing the first-stage allocation. The more she tries to sell initially, the more
profitable each unit of second-stage consumption is (the square-bracket term), which is

t.16

the information effec But by selling more initially, the remaining quantity shrinks so

she has a smaller base to extract the second-stage revenue (the term 1 — ¢; decreases
in ¢1), while at the same time the revenue extracted from the first-stage consumption

changes, which is the quantity effect.!”
Mathematically, the information effect is (1 — ¢;) f:oi(vl) %;'ql)dv; the quantity

effect is

—(v1) —(v1)

¢mwwwo—/ F%@sz—/ F(vslar) dos, (11)

—00 —00
cancel out

where the first two terms cancel out because the two stages’ quantities sum up to one
whenever there is consumption at both stages. The information effect is an integral,

because an increase in the first-stage consumption level impacts the seller’s revenue for

16The square-bracket term is increasing in ¢; due to the rotation order.
"The term ¢19(v1) may increase or decrease in q;, depending on the sign of 1 (v1).
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all realizations of the additional private signal that induces selling of the remainder of
the good. Equation (10) characterizes the optimum by equating the marginal benefit
of acquiring information with the marginal opportunity cost of quantity. As the initial
type vy increases, the difference of the two terms above is always nonnegative, implying
that the trade-off shifts in favor of experimentation. Therefore, the information effect
dominates at the margin for higher types, requiring a larger first-stage allocation to

satisfy the first-order condition.

Remark 2. To ease the notations and presentation, we do not take into account the
possibility that for some vy, the maximizer qi(vi) may not be unique. This multiplicity

issue can be addressed by imposing the following assumption analogous to Assumption 1.
o For any fized vo < 0 and any q1,q; € (0,1) with ¢; < ¢,

M(Ug,ql) <0 — M(Ug,qll) < 0.

This assumption can be interpreted as a substitution condition, which says that: if at
a particular level of first-stage consumption g1 and a certain threshold of additional
information vy, the buyer is willing to sacrifice his first-stage consumption in exchange for
a lower threshold of information, then he will still be willing to do so when his first-stage
consumption is higher than q,. Under this condition, one can show that any selection of
mazximizers must be strictly increasing in vi when vy > 1. The proof of this claim is

given in the Appendiz.

4 The solution to Problem (O)

4.1 Optimal mechanism

Having characterized the solution to Problem (O-R) in Lemma 3, we can use the envelope

conditions in Lemmas 1 and 2 to construct a payment rule t*.

Lemma 5. The payment rule t* is specified as follows:

(1 =i (v1))ps(v1) +pi(vr),  if Y(v1) +v2 >0,

pi(v1), otherwise,

t* (1)1, UQ) =

16



where

pi(1) = (1 - gi(vr)) { /_:w Flvalgl (v1)) dvs — 1—9(_(?())
+ [ - G Pv@li@)d
and
pa(v1) = 12](—51()”1)-

Now, we obtain a candidate mechanism {qj(v1), g5 (v1,v2),t*(v1,02) }o,c(0,1],00cr for
Problem (O). If we can show that this candidate mechanism satisfies all constraints in
Problem (O), then it must solve Problem (O). Clearly, one only needs to verify the two
IC constraints (3) and (4).

To do this, we first interpret this direct mechanism as a menu of try-and-decide
contracts {pj(v1), q7 (v1); P5(v1) }u 0,1, Where the functions pj, ¢f, and p; are defined in
Lemmas 3 and 5. A buyer selects a contract from the menu. If the contract indexed
by vy is selected, the buyer pays the advance payment pj(v;) to enter the contract and
consumes ¢;(v1) units of the good. In addition, the buyer reserves the right to buy the
remaining 1 — ¢ (vy) units at the per-unit strike price p3(v1). The crucial step is to show
that for any v; € [0, 1], a buyer with type v; is incentivized to select the contract indexed
by vy.

Furthermore, by Lemma 3, for any type v; < 07, the consumption in each stage is
zero. Lemma 5 further implies that such a type makes zero payment. We therefore
have the following remark, which allows us to focus on the reduced menu of contracts
{pi(v1), i (v1); P3(01) borefon, -

Remark 3 (No participation at the bottom). When vy < 0y, there is zero consumption

in both stages and the total payment is zero. Thus, the buyer with the first-stage type

lower than vy is completely shut down.
The following result summarizes the solution to Problem (O) and establishes the
main result of the paper.

Proposition 1. The direct mechanism {qi(v1), ¢5(v1,v2),t"(v1,v2) }o,cp1]veer SOlVES

Problem (O). This direct mechanism can be implemented by a menu of try-and-decide

contracts {pi(v1), 47 (v1); P3(01) Forefor 1)

The proof is left in the Appendix. As discussed before, an important step in the proof

is to verify the global IC constraint. We shall provide more discussions in Section 4.3.
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4.2 Useful properties

The following lemma summarizes several useful properties of the payment rule.

Lemma 6. (i) The first-stage payment pi(vy) is strictly increasing in vy € [01,1] and

equal to q{(@l)l_g(cf;(jl) >0 for vy = 0.

(i1) The second-stage per-unit payment pi(vy) is strictly decreasing in vy € [0,1] and

equal to zero when v, = 1.
(111) The function pi(v1) + (1 — ¢} (v1))p3(v1) is strictly decreasing in vy € [0, 1].

(itv) The function pi(vy)+ (1 —qf(v1))ps(v1)(1 = F (= (v1)|gi(v1))) is strictly increasing

in vy € [01, 1] and equal to zero elsewhere.

According to Lemmas 4 and 6, the first-stage payment pj(v;) and consumption ¢ (v1)
are strictly increasing when vy > 0. However, the per-unit strike price pji(vq) is strictly
decreasing, and the total payment conditional on buying the entire portion of the good
— d.e., pi(vy) + (1 — ¢ (v1))ps(vy) — is strictly decreasing in v;.'® It implies that in
equilibrium, a buyer with a higher first-stage type will choose a contract with a higher
advance payment and higher first-stage consumption, in exchange for a lower per-unit
strike price for additional consumption in the second stage and a lower cost for purchasing

the entire unit of the good.

The intuition is clear. For a high v,-type buyer, he is more confident that his ex post
valuation of the good, v; + vs, is sufficiently high so that he will likely end up buying the
entire good. The buyer is thus incentivized to choose a contract that “secures” a large
first-stage consumption and first-stage payment so that he can enjoy a lower per-unit
strike price in stage two and a lower cost for purchasing the entire unit. However, this will
be quite risky for a low v;-type. If he does so, in spite of a lower per-unit second-stage
price, he has to pay to consume more in the first stage. Yet, since his first-stage type is
low, he really wants to avoid over-consuming the good, rather than “blindly” having a
high first-stage consumption level, which can lead to a rather low expected payoff given

his low first-stage type.

Consider the adoption of generative Al systems. Firms with high confidence in the
technology’s fit tend to opt immediately for full-scale enterprise contracts to secure

discounts. Conversely, firms that are less optimistic about the return often prefer to

¥Note that this is the total payment conditional on buying the entire good. It is not the ex ante
payment from a type-v; buyer, which is increasing in v; according to Lemma 6 (iv).

18



start with a pilot program. While these pilot schemes typically entail a higher per-unit
cost, they provide a valuable “try-before-you-buy” option. It allows the firm to resolve
uncertainty before committing to a long-term contract. Such real-life observations are

consistent with the features identified by our optimal mechanism.

4.3 Discussions of IC constraints

In the following, we shall discuss the IC constraint in our setting. To ease our discussion,

we start with a brief overview of how global IC is established in our problem.

Suppose that a type-v; buyer is considering the contract {pi(ri),q;(r1);p5(r1)}
Clearly, the optimal second-stage strategy for a type-v; buyer who learns vy is to buy

the remaining portion if and only if vy > p3(r;) — v1. Thus, his interim payoff is

U(vi,r1) = w(g;(r1), py(r1), v1) — pi(r1), (12)
where .
w(qy, p2,v1) = qur + (1 — 91)/ (v1 + vy — pa) F(dva|qr)
p2—v1

for ¢; € [0,1], p2 > 0, and v; € [0, 1].

To verify the IC constraint, it is equivalent to showing that A(vy,r1) = U(vy,v1) —
U(vy,m) > 0 for any vy, € [0,1]. Since

U(U1,1)1> - U(’U17T1> - U(Ul’vl) - U<T1’T1) + U(Tlurl) - U(Ulvrl)
B /”1 {dU(s,s) ~9U(s, ) de

ds 0s

IC is equivalent to

/”1 {dU(s,s) _9U(s,m1)

o B } ds >0 for any vy,r € [0, 1]. (13)

It is shown in the proof of Proposition 1 that

U177“1 U(UhUl) U(Ulﬂ’l)

=[] [t p500). 90 0) + wsalai o)) o @) J dsde (19

Note that throughout the paper, subscripts on w denote partial derivatives. For example,
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w3 denotes the second-order partial derivative with respect to the first and third

variables.

It is straightforward to show that wss(q1,p2,v1) < 0 for all ¢; € [0,1], p» > 0, and
v; € [0,1]. We have established in Lemma 5 that p}(v;) = %(31). Thus, p3'(-) < 0 by
Assumption 2. Hence, the second term wsa (g} (), p3(x), s)ps'(z) in the integrand of the

double integral (14) is nonnegative.

It would suffice if we could show that the first term in the integrand is also

nonnegative. By Lemma 4, ¢;'(-) > 0. However, the sign of

aF(Pz - Ul|¢11)
8%

w31(£]17p2701) = F(p2 — Ul|CI1) —(1- Ch) (15)

is unclear. Due to the rotation order, when py, > vy, ws; > 0; however, when py, < vy, ws;
may be positive or negative. The ambiguity of the sign of ws3; makes the IC constraint

unclear.

e When the private information evolution satisfies first-order stochastic dominance,
a standard approach for establishing global IC in canonical sequential screening
problems is to identify sufficient conditions under which the optimal allocation
rule in a relaxed problem is monotone.'® In our setting, if types were ranked by
FOSD (i.e., %ﬂ‘“) < 0), then the term ws; in Equation (15) would be non-
negative, and establishing global IC would follow standard procedures. However,
our information structure follows a rotation order rather than FOSD, and ws;
does not have a constant sign in the respective integration region. Indeed, the
threshold at which ws; changes sign depends jointly on vy, ps, and the allocation
q:1 itself. The dependency on the first-stage allocation comes from the fact that ¢;
is not only a device for information acquisition but also defines an intertemporal

capacity constraint. This dependence of ws3; on ¢, introduces further challenge for

establishing global IC.

e More generally, Pavan, Segal and Toikka (2014) introduce the integral monotonicity
condition to characterize global IC, which corresponds to our Equation (13). As

they point out, the integral monotonicity condition may not be easy to check

9This is similar to the well-known result in static screening where the single crossing condition
ensures that local IC plus monotonicity implies global IC. By nicely linking sequential screening to static
problems, Krihmer and Strausz (2017) show that the FOSD ranking of first-stage types in sequential
screening problem corresponds to the single crossing condition in static problems; conversely, a sequential
problem without FOSD corresponds to a static problem without single crossing. The single crossing
condition is also called the Spence-Mirrlees condition or the constant sign condition in the literature.
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directly. To verify this integral monotonicity condition, they further propose four
stronger and easy-to-verify monotonicity conditions, which are listed in decreasing
order of generality. The weakest one is called “single crossing,” which, in our

setting, corresponds to

dU(’Ul, Ul) _ 8U(vl, 7'1)
dv; oV,

-(vy —ry) >0 for any r and a.e. v;. (16)

In Example 2 below, we demonstrate that Equation (16) may not hold. Therefore,

these four conditions are not applicable in our setting.

e In our proof, instead of checking whether the candidate solution satisfies mono-
tonicity conditions, we use the fact that the candidate solution satisfies the
corresponding optimality condition derived from the first-order condition. Indeed,
as noted above, if the integrand in (14) is nonnegative everywhere, then IC
is satisfied. However, requiring the integrand to be nonnegative everywhere
may not hold in our setting, as this requirement corresponds to a monotonicity
condition that is stronger than the single crossing condition (16).2° In the proof
of Proposition 1, we show that when ¢; solves Problem (O-R), the double integral
f " wsy (g (), pi(2), s)q;’ (z) ds d is positive, though the integrand in (14) may

not be nonnegative everywhere in general.

Example 2. Recall the truth-or-noise model in Example 1. Let G be the uniform

distribution on [0, 1] with the constant densz'ty g =1, and H be the normal distribution

N(0,1) (i.e., the density is h(vy) = \/—27 2 ) Then (vy) = 2v; — 1,

Vo a 1 52 1 ,L%
F(v =H(—= 2ds, and v = e 4
( 2|q1) (ql \/— f( 2|q1) ql\/ﬁ

In the Appendix, we verify that F' satisfies the rotation order, and Assumptions 1 and 2
hold.

As shown in Lemma 3, the optimal first-stage allocation qi must mazimize

—1p(v1)
(1- ql)/ F(us]q) dvs.

o0

20This requirement is the “average monotonicity” condition in Pavan, Segal and Toikka (2014),
which is the second weakest among the four conditions discussed therein. In our setting, the average
monotonicity condition corresponds to the requirement that %ﬂi’”) be nondecreasing in ;. Since

%ﬂlfl) = w3 (q’f (r1), p5(r1), vl) and its partial derivative with respect to rq is precisely the integrand

n (14), the average monotonicity condition is equivalent to requiring that the integrand in (14) be
nonnegative everywhere.
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Figure 1: ¢f Figure 2: TI(q,v1)

Figure 1 numerically illustrates the optimal allocation rule. In this example, v; ~ 0.43 <
0.5 =v}. In Figure 2, we plot 11(qy,v1) when v; = 0.41, 0.43, and 0.45. As can be seen,
qi(v1) is unique and higher than qi(0;) ~ 0.403 when vy > 0, ~ 0.43, is either 0 or
almost 0.403 when vy = U1, and is 0 when vy < vy. This pattern explains the jump of g

at v1 1n Figure 1.

We now discuss the single crossing condition (16) introduced by Pavan, Segal and
Toikka (2014) in our setting and show that it fails in this example. In the proof of

Proposition 1, we show that

dU((;J;l, vp) =1—(1—=¢qi(n)) F(—yY(v1) | ¢i(v1)) = ws(qi (v1), p3(v1),v1)  (17)
and
%&m = w3(qi (r1), p3(r1), v1). (18)

From (17) and (18), we have:
dU(Ul,Ul) aU(Ul,’I"l)
dUl B 67}1
=1 — (1 — g (v))F(=¢(v1)lgi (v1)) — [1 = (1 = g5 (r1)) F(p3(r1) — vilgi(r1))]
=(1 = ¢ (r) F(p3(r1) — vilgi(r1)) — (1 = ¢ (v1)) F' (=9 (v1)] g5 (v1)).

In the uniform-distribution case, choose vy and r1 such that vi > ¥ and r < 0;.

For instance, set 1 = 0.4 and let vy be larger than 0.6. It follows that gf(vy) > 0 and
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qi(r1) = 0. Moreover,

1— G(’f’1>

—vy=1—r —v; <0.
g(r1)

p;(ﬁ) — U1 =
It then follows that
(1= qi(r))F(p5(r1) —v1 | ¢i(r1)) = F(1 =71 — v | 0) =0,

because F'(- | 0) degenerates to a point mass at 0 and 1—ry—v; < 0. Since ¢f(v1) € (0,1),

dU(Ul, 7)1) _ 8U(v1, Tl)
dU1 8’01

= —(1 = q{ (1)) F(=¢(v1) | g{(v1)) <O0.

Consequently, when ry = 0.4 and vy > 0.6, the left-hand side of (16) is

—(1 = qi(n))F(=v¥(v1) | ¢f(v1)) - (v1 —71) <O.

It violates the single crossing condition (16).

5 Extension: Generalized feasibility

In our baseline model, the total capacity is fixed (i.e., g1 +¢g2 < 1). This specific structure
leads to the property that with respect to a slight change in the first-stage quantity, the
marginal changes in the first-stage revenue and the second-stage “base revenue” cancel
out, so that this part is independent of the first-stage type; that is, the first two terms
cancel out in Equation (11). Thus, the optimal contract exhibits a monotonic property
in the sense that higher-type buyers always engage in more experimentation (higher ¢;)
to facilitate learning. A natural question arises: does the monotonicity property of the

first-stage allocation rely on this specific feasibility structure?

This section generalizes the model to a broader class of feasibility conditions where
the maximum second-stage supply depends on the first-stage consumption. We find that
the properties of the optimal contract are preserved in natural settings. Intuitively, high-
type buyers always induce more learning as long as the total capacity does not decrease in
early consumption; however, if early consumption heavily penalizes future capacity, the
seller might limit experimentation for high-type buyers to preserve their future demand,

potentially leading to a non-monotone (hump-shaped) first-stage allocation.
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Specifically, we replace the original feasibility constraint (5) with the following one:
0<qi(v1) <1and 0 < go(vr,v2) < s(qu(v1)) for any vy, v, (19)

where s : [0,1] — R, is a nonnegative, twice continuously differentiable function
describing the maximum capacity that can be sold in the second stage. Under the
generalized feasibility condition, the sum of the maximum first- and second-stage
consumption levels, ¢; + s(¢1), may not be constant and can depend on the first-stage

allocation. We focus on two cases.

Case 1: ¢1 + s(q1) is weakly increasing in ¢; € [0, 1].

Case 2: g1 + s(q1) is strictly decreasing in ¢; € [0, 1].

We illustrate the relevance of these two cases with three examples. The first two

examples fit into Case 1, and the third example fits into Case 2.

e Suppose that s(q;) = 1 (or any nonnegative constant) for any ¢; € [0, 1]. It means
that the seller can always produce up to one unit in the second stage, regardless

of the quantity sold in the first stage.

o Let s(q1) = B(1 — q1) with g € [0,1] for all ¢; € [0,1]. That is, the unsold portion
from the first stage depreciates at rate §. It covers the benchmark case imposed
by (5).

e Let s(q1) = B(1 — ¢1) with § > 1. It implies that the unsold portion appreciates
at rate 8. It captures environments with increasing opportunity costs. Here,
increasing ¢; reduces the total available quantity, which creates a stronger tension
as encouraging learning (higher ¢;) might reduce the future capacity so severely

that it becomes suboptimal for the high types.

Similar to (1), let C*(vg, q1) = ¢1+$(q1)(1— F(v2]g1)) be the expected total consumption

across two stages. We make the following assumption analogous to Assumption 1.
Assumption 3. For any q; € (0,1] and vy < v},

8Cs(v2,q1) > @CS(UéaCh)

0 = > 0, and
oq o oq
1 s ~ 1 s( 0 =~
/ oC (112#]1) djy >0 — / oC (ngﬂh) dg, > 0.
q1 8q1 q 8(]1
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The first part of the assumption generalizes Assumption 1 and leads to the
monotonicity or the hump shape of the optimal first-stage allocation when the optimum
is interior. The second part guarantees that the monotonicity or quasi-concavity property

holds globally despite the potential corner solution.

Repeating the argument in Section 3, the seller’s revenue from a type-v; buyer with

the first-stage consumption ¢; under the generalized feasibility condition is

+oo

Wo)= o, - 0]+ se) [ ()l
-~ S—~— S~~~ —(v1)

1st-stage quantity virtual value  remaining quantity N ~ 4

revenue from per-unit 2nd-stage consumption

Using a similar argument as in (8), the revenue can be expressed as

—tp(v1)
avm) + sl b(on) s [ Pl do
N—— N——~ SN—— — 00
1st-stage revenue remaining quantity | per-unit revenue w/o learning ~ ~~ o
additional per-unit revenue w/ learning

(20)

For each v; € [0, 1], denote the maximizer of I1°(¢y, v1) in ¢; € [0,1] by ¢;(v1). Define

P () = (¢ (v1)) [/_Wl) F(va]qi(v1)) dvg — I—_G'@l)}

s g(v1)

+ [ s P @)

Recall p}(v1) defined in Lemma 5. The following result characterizes the optimal contract

under the generalized feasibility condition.

Proposition 2. Under the generalized feasibility condition and Assumptions 2 and

3, the optimal mechanism can be implemented by a menu of try-and-decide contracts

{p3(v1), @ (v1); 05 (v1) borefo,-

o When q1 + s(q1) is weakly increasing in q1 € [0,1], ¢;(vy) is weakly increasing in

v € [O, 1]

o When q1 + s(qu) is strictly decreasing in ¢ € [0,1], ¢j(v1) is quasi-concave in

v € [O, 1]

This result generalizes Proposition 1.2 Tt implies that when ¢; + s(q;) is weakly

increasing in ¢, the optimal first-stage allocation is still weakly increasing in the first-

21Qur approach to verifying global IC is applicable to this wider class of learning-by-consuming
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stage type. In the rare case that ¢; + s(q1) is strictly decreasing, the optimal first-stage

allocation can be increasing, of a hump-shape, or even decreasing in the first-stage type.

In the optimal contract with generalized feasibility, the seller needs to compare the
information effect (higher ¢; yields better learning) with a variable quantity effect (higher
¢1 changes the total capacity). In Case 1 with a “soft” capacity, the information effect
dominates, preserving the monotonicity of ¢f(v;). However, in Case 2, the total capacity
shrinks with ¢;. It means that the quantity effect becomes more significant. For high-
type buyers, the seller may prefer to save capacity for the second stage rather than
inducing further learning. Therefore, the optimal first-stage consumption may decrease

at the top, resulting in a hump-shaped allocation.

6 Concluding remarks

This paper studies the optimal dynamic contract for an experience good where a buyer
learns his valuation through initial consumption. We characterize the optimal selling
mechanism in an environment where the seller faces a capacity constraint. Our analysis
highlights a key tradeoff facing the seller: a higher first-stage allocation facilitates
learning and improves screening, but it also consumes capacity that could be more

valuable in the next stage.

In our baseline model with fixed total capacity, we fully characterize the optimum
and find that it can be implemented by a menu of try-and-decide contracts, consisting
of a first-stage price-quantity pair and a second-stage per-unit price for the remaining
quantity. A larger first-stage quantity is paired with a higher first-stage price but a lower
second-stage per-unit price. In equilibrium, a higher first-stage valuation buyer pays
more to have higher first-stage consumption and enjoys a lower second-stage price. We
further demonstrate that the monotonicity of the first-stage allocation preserves as long
as increasing early consumption does not reduce the total feasible quantity. Only when
early consumption imposes a severe penalty on future capacity, the optimal allocation
may become non-monotone (hump-shaped), as the seller may have the incentive to

conserve capacity for potential high-type buyers.

Methodologically, we provide a tractable approach to verify global incentive com-

patibility in our dynamic setting with continuous types. We show that the validity of

problems beyond the fixed-capacity benchmark. In this generalized setting, even when the optimal
allocation ¢j(v1) is non-monotone (as in Case 2), we show that global IC follows from the local IC
constraints and the specific first-order conditions of the seller’s problem.

26



the first-order approach is guaranteed by the specific structure of the optimal allocation
derived from the seller’s problem. Our proof strategy could be applicable to a broader
class of dynamic mechanism design problems. Another interesting direction is to study
the more general environment where the second-stage type’s distribution depends on
both the first-stage consumption level and the first-stage type. We leave these for future

work.

A Appendix

A.1 Proof of Lemma 2

By Lemma 1, the expected payoff of the buyer with first-stage type vy and report r; can
be expressed as

—+00

U(vy,m1) :Ch(?“l)/ (v1 + vo) F'(dva|qi(r1))

—00

+/+°° { (01 + v2)q2(r1, m2(v1, 71, v2)) } F(dvs|gi (r1)).

0o _t(T17T2(U17T17U2))

s+ [ R ) | Pl )

—0o0

where the second equality uses the fact that Efvy] = 0. Taking the partial derivative
with respect to v; leads to

(J2(7’177”2(Ul77”1,112))

oU (v , T oo 0q2(r1,r2(v1,r1,v
( - 1) = Q1(7’1)+/ +8r2(1}1,r1,v2) (Ul + U2> B ?)Sﬂ;’ e

vy 00 vy _Ot(r1,ra(vi,r1,v2))
Ora

F(dva|qi(r1))-

Note that the (almost everywhere) differentiability of g, and ¢ in ry follows from the
second-stage IC constraint.

Since 1o9(v1,71,v2) is the optimal report following a lie in the first stage — i.e., it
maximizes the second-stage expected payoff after a lie — it must satisfy the first-order
condition, so

an(rlv TQ(Ul’ ri, UQ)) i 8t(rh TQ(Ul) ri, UQ))

=0.
87"2 87“2

(’Ul + UQ)

Therefore,

8U , +oo
g)’: 7'1) = Q1(7"1) +/ (]2(7"1, TQ(Ul,Tl, UZ))F(dU2|(]1(’I"1)),
1 —00

Note that ro(vq,7r1,v2) = v when r; = vy (i.e., a truthful report in the first stage). The
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envelope theorem (cf. Milgrom and Segal, 2002) implies that

+oo

Ul o) =U0.0)+ [ [ql<s>+ | el as

o0

This completes the proof. [J

A.2 Derivation of Equation (8)

Before proving Equation (8), we first prove the following preparatory lemma.

Lemma 7. For any a € (—oo,+00) and ¢ > 0,

a

/a v F'(dvs|q1) = aF (a|q) —/ F(va|qr) dvs.

—0o0 —0o0

Proof. We first claim that as b — —oo, bF(blg1) — 0. Suppose that the claim is not
true. Then there exists some € > 0 and a negative sequence {b;} that converges to —oo
such that |bg|F (bg|q1) > € for any k. Since the integral fj;o Vo F'(dvg|qy) is well defined,
there exists some sufficiently large K such that for any k > K, ff’;o |vg| F(dva|qr) < e. It
implies that

by, by,

bl F(bilar) = / Ibel F(dualqy) < / sl F(dvalay) < e

—00 —0o0

which is a contradiction.

For any b < min{a, 0}, due to integral by parts,

/ voF(dva|q1) = aF'(alq1) — bF(blg1) — / F(vs|q1) dus.
b b

It implies that
[ Pl dos = aFGala) — bF 1) — [ P (sl
b b

It is obvious that [" F(vs|q1)dvs is decreasing in b. In addition, it is bounded as
bF(blg) — 0 and [, voF(dva|qi) — [° voF(dvs|q1) when b — —oo. Thus, the limit
limp oo [y F(va|qr) dvy exists, which is [ F(v2]q1) dvs. This completes the proof. [

Now we are ready to derive Equation (8).

“+00

2 (0)e(01) + (1 — g1 (wn) / o () + Pl ()

=@ (v)P(v1) + (1 = @1 (vn)) {@D(Ul)[l — F(=t(v1)lqu(v1)] + /

—(v1)

+o0
v2F<dv2|ql<v1>>}

—(v1)

=(v1) = (1 = qu(v1)) ¢(01)F(—¢(01)|ql(01))+/

—00

UQF(dU2|CI1(Ul))]
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=tp(v1) — (1 = qu(v1))

(o) F(=(0n) 1 (1))
+ (=v)F(=()la ) = [ F(uslg (1)) v,

—1p(v1)
—p(or) + (1 — (o)) / F(va]as(11)) dos,

where the second equality uses the fact that

+oo =9 (v1)
[ wPaslae)+ [ wFsla) <o
=9 (v1) =0

and the third equality holds because of Lemma 7. 0

A.3 Proof of Lemma 3

We first establish (i). Since the optimal ¢}(-) maximizes (9), the solution either satisfies
the first-order condition or is the corner solution.

When ¢; > 0,
aH(Q1,U1) /—w(m) /—w(vl) 8F(U2|q1)
ALY F d 1— bl 1L VAR
o0 . (v2]q1) dvg + ( Q) . o (%)

We first show that ¢; = 1 cannot be optimal. In fact,

AMl(qr. —p(v1)
8(]1 —00

which makes ¢; = 1 suboptimal.

On the other hand, if ¢; = 0 is optimal, it must be the case that ¢ (v;) < 0 — i.e.,
v; < vj. In fact, when 1(v1) > 0 and ¢; = 0, the seller’s revenue is

—p(v1)
(0, 01) = (u1) + / F(03]0) dvy = v(v1).

which is strictly dominated by, for example, choosing ¢ = 3

—¥(v1)
H(%,vl) :@D(vl)+%/_ F(Ug‘%) dvy > ¥(vq).

This means that the value v; = inf{v; € [0,1] : ¢} (v1) > 0} < 0.
Finally, we show that if ¢} (v;) = 0 for some vy, then ¢;(v}) = 0 for any v} < v;. We
have shown that if ¢f(v1) = 0, then v; < v, and thus

= (v1)
110, v1) = ¥ (v1) +/ F(v2]0) dva = ¢p(v1) — ¢h(v1) = 0.

o0

In addition, ¢f(vy) = 0 implies that I1(gy,v;) < II(0,v;) = 0 for all ¢; € (0,1). When
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v < vy, Y(v)) < ¥(vy) <0, and thus for any ¢; € (0, 1), we have

—1p(vf)
Mg} = @)+ (1—q) / Floalq) dus

—00

—(v1) —p(v])
= () + (1— ) / F(ualqy) dus + / P(valgy) dvs
—00 —¢(vl) S———

- —p(v1) -
< YPv)+ (1 —q) / F(va]q1) dvg + 1p(v1) — 1/’(“1)]
R
< W)+ (1—a) / Fuslgr) dug + (or) — ()

= H(ql,vl) S H(O,Ul) =0= H(O,Ull),

implying that ¢f(v}) = 0.
As a result, for v; < 0y, ¢f(vy) = 0; for v > ¥y, ¢f(v1) € [0,1) and satisfies the
first-order condition stated in the lemma; for v; > 01, ¢f(v1) € (0,1).

To establish (ii), notice that for v; < 1, F(:|¢f(v1)) reduces to a mass at v, = 0. In
this case, vo = 0 > —1(v) is impossible, as = (v1) > —1(01) > —(vf) = 0. Therefore,
¢5(v1,0) = 0. The remainder of (ii) has been established in the text. [

A.4 Proof of Lemma 4

Fix any v; > 9. The problem is to choose ¢; € [0, 1] to maximize

—1(v1)
(g, 01) = (0) + (1 — 1) / Fvslr) do. (21)

—00

Note that restricting the range of ¢; to (0,1) is without loss of generality, because (i)
by the definition of 0y, ¢y = 0 cannot be optimal; and (ii) by Lemma 3, ¢; = 1 is not
optimal either.

Define a function £ : R x (0,1) — R as

§(v2, 1) = M(va, 1) - (1 —qu) - f(va|q)

= Flunla) + (1 - g 2020

o (22)

Since the maximizer ¢f(v;) € (0,1), it satisfies the first-order condition of (21) with
respect to qp:

Ol (qy,v1) —(v1) .
a—ql|q1:q1‘(v1) = / §(v2, ¢y (v1)) dvp = 0. (23)
By the second-order condition, 82%%22“)@1:%

Note that

(v1) <0.

§(=1p(v1), ¢i(v1)) <0, (24)
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as otherwise &(vq, ¢j(v1)) > 0 for any vy < —t)(v1) by Assumption 1, which violates (23).
It implies that

821_[(6]1, Ul)

dq10v, |Q1=QT(U1) = —'(v1)&(—=(v1), qi (v1)) > 0. (25)

Now differentiating the first-order condition (23) with respect to v; on both sides of the
equation leads to

dqr(vl) ) 821_[((]17711)| ) 521—[((11,7}1)' ) —0
dov, aq% q1=q7 (v1) \ 8q13v1 q1=q; (v1) )

J/

v~

<0 >0

which further implies that daitv) o O

dvq

A.5 Proof of the claim in Remark 2

Pick any vy, v} € [0q,1] with v; < v]. Let ¢f and ¢i’ be a maximizer of II(¢q;,v;) and
II(qq,v]), respectively. By Lemma 3, ¢; € [0,1) (since v; may be 0;) and ¢}’ € (0,1).
Our goal is to show that ¢; < ¢}’. Hence, it is without loss to focus on the case that
@, 4" € (0,1).

Note that (25) still applies because it only uses Assumption 1. Hence,
§(=v(v1),q) <0 and  &(=v(v}),q") <O.
Suppose to the contrary that ¢; > ¢;’. We claim that

E(—(s),q1) < 0 for any s € [v1,v]] and any ¢1 € [q), ¢]. (26)

To see this, recall that F(-|-) satisfies the rotation order. If —i(s) > 0, then
f(_¢(8)7q1) <0 for any ¢ € [QT/7qT]

o If —3)(v}) > 0, then —3(s) > 0 for any s € [vy,v]], so (26) holds.

e Suppose that —¢(v]) < 0. Since &(—v(v}),q") < 0, the additional condition
mentioned in Remark 2 implies that £(—v(v}),q1) < 0 for any ¢1 € [¢{, ¢;]. Then
due to Assumption 1 and the monotonicity of ¥, {(—(s),q1) < 0 for any ¢; €
g7, q7] and s € [vy,v]]. This establishes (26).

Due to the definition of ¢f, I1(¢},v1) > (qy, v1). If ¢f > ¢}, then

@ O (qy, v
0 = H(q?“l)—ﬂ(qi’,vl)_/ qul

ar oq

a7 —p(v1)
= / / 5(1}27 Ch) dvy | dgy
q;’ —00
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a3 —(v]) —(v1)
= / / 5(02,q1)d02+/ §(ve, qr) dug | dg
q _ ~—

iy 00 —¢(v)

q1 —¢(U’1)
< / / §(v2, q1) dvg | dgy
q;’ —00

@ A1 qi, v} . .
/ <al 1) dgl = H(qlavi) - H(Qllvvll)’
ay il

<0 by (26)

However, II(q7, v]) — II(gy’, v}) > 0 contradicts the optimality of ¢}’

Finally, what is left to show is that ¢j = ¢;" also leads to a contradiction. In fact, if
*

q; = g7, the first-order condition (23) implies that

—(v1) —p(v])
/ (02, 47) dug = 0 = / (02, ¢7) dup.

o0 —00

However, (26) implies that (vq, ¢7) < 0 for any vy € [—1(v]), —¢(v1)]. Then,

—p(v1) —(vy) —t(v1)
0 = / f(UQ,C]f)d?&:/ §(U2,q>f)dv2—|—/ £ (2, q7) dvy

() J—oo —1p(v])

-

=0

=9 (v1)
= / §(v2, qy) dvy <0,
—(v})

which is a contradiction. This completes the proof of the claim in Remark 2. [J

A.6 Proof of Lemma 5

We first construct the payment rule t*. By Lemmas 2 and 3 and U(0,0) = 0, for each
v1 € [0, 1], we have

“+00

U(vy, v1) :U(0,0)+/0v1 {q;(xwr/_
- /0 i)+ /_ - QT(fE))F(dvzqu(x))} do

qé(sc,v2>F<dv2|qf<:c>>] a

[e.9]

= [ |t + 0= @) (1 - Fev@lin | ao

= [" |- - ders@e)] w
o= [ (1= @) P-vldi@) b 27)
On the other hand, from the envelope condition (2) in the second stage,
(v1 + v2) g5 (v1,v9) — t*(v1,v2) = @(vy, Ve, v2)
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v2

— ii(or, —p(v1), —(w1)) + / & (v, 5) ds.

—(v1)
Thus,

V2

t*(v1,v2) = (v1 + v2)qs(v1, v2) — /¢( )q;‘(vl,s) ds — a(vy, = (v1), —(vy)).

e When vy < —t(v1), ¢5(v1,v2) = 0 and
t*(v1,v2) = —a(vy, =9 (v1), —=(v1)).

e When vy > —t(v1) and vy > 0y, ¢5(v1,v2) = 1 — ¢f(v1) and
(o) = 0t —aio) = [ (0= gi(on) ds = (o b))
—(v1
_ 1-— G(Ul)

g(vr) (1 —qi(v1)) — (v, —(vy), —(v1)).

e When v; < oy, —¢(v1) > 0, ¢f(v1) = 0, and F(-|¢f(v1)) reduces to a mass at 0,
implying that vy > —(v;) > 0 is impossible. As a result, with probability one
Vg < —1)(vy1), which implies that

q5(v1,v9) =0 and t*(v1,v2) = —t(vy, —=p(v1), = (v1)).

To construct the payment rule ¢*, it remains to pin down @(vy, —%(vy), —1(v1)). To
this end, notice that by the definition of the first-stage expected payoff,

Ulnw) = i) [ (o e Plduslai(o) + / " i(or, v, v2) F(duglgt (1))
+o0
= Cff(vl)vl+/_ {(014’”2)%(?117“2 Ubvz} (dva|qy (v1))
= ' (vy)v o — (v ) v ( ) ) v
= q/(vn) 1+/w(v1)(1 qi(v1)) { 1+ v — (o) } F(dvs|qi(v1))
+a(vy, = (v1), = (v1))
“+oo
= G+ / o, 01 0) (50) + 12) Pl ()
Fii(on, —p(v1), —p(01))

Comparing with (27), we obtain

— (v, =¢p(v1), = (v1))

“+o00

=q; (v1)v1 + (1 — i (v1)) [ (v1) + vo] F'(dva|gi (v1))

_{Ul /0 (1 =i (@) F(=¢(2)lqi (x)) dz
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= /: )(1 — ¢ (v)[(v1) + Vo] F(dus|gi (v1)) — v1(1 — ¢f (1))

. / (1 - @) F(— ()| (2)) da

_ ] [1 = F(=¢(v1)lgi (v1))]e(01) — 01
=(1 - qi(v1)) { + f:;?m) vo F'(dvs g (v1)) }

n / N1 @) F(—(0)lg} () da

Bloal=0 1 (o [1 = F(=v(v1)|qi (v1))]e(v1) — v
= (I —q( 1)){ f P(v1) 0o F(dvs gt (v1)) }

N / (L= g @) F(—6()g; (2) de

Lemma 7<1 . (U )) [1 - F(_@Z)(vl”qi(vl))]rw(vl) — U1
DTN (o)) F(=(un)gi (1) + 720 F(usgi (v1)) duy

+ [0 )P olw) ds
—tp(v1) _ "
—a-aie] [ e an - 100

00 g(v1)

o [N G Pl

Thus,
. {(1 —ai())ps(e) +pi(on), i () + 02 20,
pi(vy), otherwise,
where
* ) . —(v1) i 1—G(n)
pl(m) _ —U<U1; _¢(U1)’ —¢(U1)) = (1 —q (Ul))[/_oo F(U2|Q1 (Ul)) dvgy — W]

N / (1 - G (@) F(—b(@)lai (@) da

1-G(v1)
g(v1) -

and pj(vy) =

A.7 Proof of Proposition 1

Let us first outline the roadmap of the proof. Fix any first-stage type v;. We first
characterize the difference between his payoff under truth-telling and his payoff when he
instead chooses the contract {pi(r1), ¢} (r1); p5(r1)}. We further express this difference in
terms of ¢, p; and py with a double-integral form. If we can show that this difference is
always nonnegative, then the proof completes. However, as we discussed in Section 4.3,
the standard approach under FOSD in the dynamic mechanism design literature does not
apply here. Importantly, the integrand of the double integral does not have a constant
sign. We overcome this difficulty by explicitly using the optimality of ¢}(v;) to show that
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type-v; buyer has no incentive to deviate.

Now let us start the proof. We need to show that the buyer has the incentive to
follow the “recommendation” that for each v; € [0,1], (i) if type-v; buyer chooses the
contract {pj(v1), ¢} (v1);ps(v1)}, he should buy the remaining 1 — ¢j(v;) portion in the
second stage when vy + vy > ph(vy); (ii) type-v; buyer should find it optimal to choose
the contract {pi(v1),q;(v1); p5(v1)}. The verification of (i) is trivial. We only need to
establish (ii).

Define a three-variable function

+oo
w(qr, p2, 1) = o1 + / (v1 +v2 — p2)(1 — q1) F(dva|qn).

p2—v1

If type-v; buyer chooses the contract {pj(r1),q;(r1);ps(r1)} for some r1, he will buy the
remaining 1 — ¢}(r;) portion in the second stage if and only if vy + vy > p3(rq); that is,
ve > —vy + pi(r1). Hence, his expected utility when selecting {pi(r1), ¢;(r1); p5(r1)} and
following the optimal second-stage strategy is given by

Ulv,m1) = w(qi (1), p5(r1), v1) — pi(r1).

Our goal is to show that A(vy, 1) = U(vy,v1) — U(vy,r1) > 0, for any vy, € [0, 1].

To this end, notice that the partial derivative of w with respect to the third variable,

w3(Q1>P2,Ul) =1- (1 - 611)F(p2 - Ul‘Ql) > 0. (28)

By the construction of contracts, it is easy to verify that when the type-v; buyer chooses
the contract {pj(v1), ¢} (v1); p5(v1)}, his expected utility U (v, v1) can be expressed as the
form in (27). Therefore, we have

dU(Ul, ’Ul)

T = 1= (1= i) Pl () E (i) pie) o). (29)

For any vy and r € [0, 1], A(vy,7r1) = U(vy,v1) — U(vy, 1) is further equal to

U(Ul,U1> — U(’f‘l,T’l) + U(T17T1> — U(Ul,Tl)
(v1,v1) = U(ry,m1) + [w(qy (r1), ps(r1), r1) — pi(r1)] — [w(gy (r1), p3(r1), v1) — pi(r)]

v1

w3(qy (), pa(s), s) ds +w(qy(r1), pa(r1),m1) — w(qi(r1), pa(r1), v1)

1

/%mmﬁﬁ@m—w@mmwmﬂﬁ

[ Toalai@ps(e). )67 (@) + walai (o). pi(o). )3 @] e ds
T1 T1
= [ Tonlai(o). (o). s)ai (2) + waalai(2) ), o ()] s
r1 T
where the third and the fourth equalities follow from the fundamental theorem of calculus
and the last equality interchanges the order of integration.

Since p3'(z) < 0 and wsa(qg;i(z),ps(x),s) < 0 for all z, s € [0,1], to establish
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A(vy, 1) > 0, it suffices to show that

/Ul / w1 (g; (2), p3(), s)g;" () ds dz > 0.

1 x

Notice that

mem@@x@@xﬁm@@/“aﬂ—ﬂ—%<g(S<>—ﬂﬁumds
@ /‘£m s gi(a) ds

z—v1—Y(z
- / ¢ a @) dy.

—(z)

where the last equality follows the definition of pi(z) and the change of variable y =

1;%@ —s=1x—s—1(z). Hence, to show A(vy,r;) > 0, it suffices to show

o z—v1—Y(z)
/ &' (2) / £y gt () dy dz > 0. (30)

—(x)
Now we discuss two cases and show that in both cases expression (30) holds; therefore
A(Ul, Tl) Z O
Case 1: for 1 > vy and x € [vy, 7], we must have —¢(x) <z — vy — (x).
If 2 is such that ¢j(z) = 0, it has been established that ¢j'(x) = 0. Thus,

z—v1—9(z)
QT'(CU)/ £y, qi(v))dy = 0.

—¢(z)
If x is such that ¢j(z) > 0, by (25), £(—(x),¢;(z)) < 0. Assumption 1 implies that
£(y, ¢ (x)) < 0 for any y > —(z). Also, notice that ¢f'(x) > 0. Thus,

r—v1—(x)
qi"(ﬂf)/ " £(y,qi(x))dy < 0.
—(x

Since 11 > vy, expression (30) holds.
Case 2: for 1y < vy and x € [ry,v1], we have —¢(z) > x — vy — ().
If z is such that ¢} (z) = 0, again,

z—v1—(x)
qi”(x)/ £y, qi(v))dy = 0.

()

If z is such that ¢{(x) > 0 and &{(x — vy —9(2), ¢;(z)) < 0, then Assumption 1 implies
that £(y, ¢f(z)) < 0 for any y > « — v; — ¢(z), which further implies that

y z—v1—y(x) .
4'(@) / L )y 20
—(z
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If z is such that ¢{(x) > 0 and &{(x — vy —¢(2), ¢f (z)) > 0, then Assumption 1 implies
that £(y, ¢f(x)) > 0 for any y < x —v; —1(x). Since ¢} (z) > 0, from (23), the optimality
of ¢f(x) requires f:oﬁ(x) &(y,¢i(x))dy = 0. It then follows that

—1(x) z—v1—(x) —p(x)
0= / £y, g (2)) dy = / £y g (2)) dy + / £y, (x)) dy,

00 J—oo z—v1—1(x)

-~

>0

which implies that f;f](f_)w(x) &y, qf(x))dy <0, i.e.,

x—v1—9Y(x)
(@) / L Gz
—(z

Expression (30) holds again, since r < v.

In both Cases 1 and 2, we conclude that A(vy,7) > 0.

Finally, notice that for v; < o1, ¢(v1) = 0. In this case, F'(-|0) degenerates to a mass
at 0 and with probability one ¥ (vy) + vy = 9 (v;) < 0, where the inequality follows from
Lemma 3. As a result,

. B —(v1) _l—G(vl) v bl N
i) = [ P - [ i@
_ ) - =G
= V) g(v1) o
~ 0. (31)

By Lemma 3, there is no consumption in both stages when vy € [0, 7;). It further implies
that when v, < ¥7, one can choose

t*(v1,v2) = pi(v1) =0

for all v,. O

A.8 Proof of Lemma 6
For (i), when v; € [0y, 1],

i (v1) = = ¥ () (1 = qf (1)) F (=2 (v1) i (v1))

oy [ 00 = g (0) F(enlgi(0)
o | 04; (1) e

) —0 by (23) ’
. — (v 1- G(U1> / (0 I—- G(U1>
(1 ql( 1))( g(Ul) ) +Q1( 1) 9(711)
+ (1= ¢t (vi)) F(=(v1)lgi(v1))
*/ 1- G<U1) _ ok v . — (v * v 1 - G(vl) /
i (vl)—g(vl) (1 = qi(v1))(1 = F(=¢(v1)]qi( 1)))(—9@1) )"

37



Recall that for vy € [0y,1], ¢’ (v1) > 0, 1—g(Gv(lv)1)

and (%ﬁl))’ < 0 (Assumption 2). It can be seen that pj’(vy) > 0 with strict inequality
when vy € [01,1). Hence, pj is strictly increasing on [vy, 1].

It is easy to see that I1(0,0;) = II(g}(?1),01). As a result,

> (0 with strict inequality when vy € [07, 1),

= (1) —(?1)
| R0 =a-ge)) [ Pl d

o0 —00

which, jointly with Lemma 5, implies that

—p(01) _ o U1
it = [ F(w!O)dx—(l—qml))lejf)H / (1 - gi(2)) F(—(@)lg} (@) de

() — (1 — a6 1—G(ty) 5 ot (5 1—G(ty)
=— () = (1 — g ( 1))—9(?71) + 1 = qj( 1)—g(171) .

For (ii), the result follows directly from Assumption 2.

For (iii), when v, < 01, ¢f(v1) =0,

1— G(’Ul)

pilv) +p) (L= dgi(0) = pavr) = — s

=0 by (31)

which is strictly decreasing in v;.

Plugging in the expressions of pj and p3, we have that

pi(v1) + pa(v1)(1 — ¢i(v1))
—tp(v1)

—(1 - g (w)) / Fualgi(v1)) dvs + / (1 @) F(—b(2) |} () da.

For v; > vy, since (10) applies, the derivative of the above expression with respect to v,
is

1— G(Ul)

(o) ) < 0.

(1= gi(vi)) F (=¥ (v1)lgi(v1)) - (
For (iv), the expected payment of any type v, is given by

pi(v1) +pa(v1) (1 — g7 (v1)) (1 = F(=(v1)]gi (v1)))
=pi(v1) + pa(v1) (1 = g1 (v1)) = pa(vi)(1 = g1 (02)) F (= (v1)lgi (v1)).

For v; € [0,91), pi(v1) = 0 and F(—v¢(v1)|qf(v1)) = F(—=¢(v1)|0) = 1 (since 0; < v7).
Thus, the expected payment of v; € [0,7;) is equal to zero. For vy € [0y, 1], the derivative
of the above expression with respect to v; is

(1= i) (0ol (00) - (5 = (2 C8 1 = g F(-w(onlai(vn)
— - (- )Pl )
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= 2P )1 - G-l ) + ), ai(e) i (0) > 0

~
<0 <0 by (24)

The proof completes. [J

A.9 Proof of the claim in Example 2

Rotation order. Note that

22 2
a1 1 -5 02
8F(v2|q1) af—oo \/776 2 ds () 1 -2

= = —— € 2ql'

oq o Q% V2T

It is clear that F' satisfies the rotation order, as

> (0, when vy < 0;
OF (va]qy) ’

oq

=0, when vy = 0;
<0, when vy > 0.

Assumption 1. By Remark 1, it suffices to show that F'(vs|q1)/f(v2]q1) is increasing
in vy and 2£¢ ”2““ /f(v2|q1) is decreasing in vy. The latter is straightforward as

OF (v3)qy) R - AN
o, /f(valqn) = 2\/— / ql\/ge o

To show that F'(ve|q1)/f(ve|qr) is increasing in vy, note that

a1 e 1 -4
F(valq1)/ f(valq1) = (/_Oo \/—Q_We 2 ds) / (qlx/ﬂ 1>.

By changing variables as x = 2, one needs to show that ¢(x
q1

™

|
/N
|
8
8
Cb‘
w‘”’w
o
V)
N———
Q
w3,
—
9]

increasing in . We have that

z 32 12 I2 22 r S
Y(x) =1+ (/ e 7 ds> err=e? (62 —1—:)0/ e T ds) :

22

32
When z — —o0, 6”2 — 0, and x ffoo e~z ds — 0 by L’Hospital’s rule. In addition,

1‘2 z 82 / z S2
(62 —I—:L‘/ e2ds> :/ e 2 ds > 0.

Thus, ¢'(x) > 0 and ¢(x) is increasing, which implies that Assumption 1 holds.

Assumption 2. It is clear that %(1”)1) = 1 — vy is decreasing.

N
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A.10 Proof of Proposition 2

The seller’s revenue from a type-v; buyer with the first-stage consumption ¢, is

—1p(v1)
(g1, 1) = (g1 + 5(q))(vr) + (1) / Fluslar) dos
—1p(v1)
= (0 + s(q)d(w) + / @1 + 5(a1) — C*(v2 41)) oy

—tp(v1) —(v1)
= (fh + S(Ql))W(”l) +/ dU2) - /_ CS(Uz,Ch) dovs.

— 00 [e.9]

Thus, we have

oIl , —¥(v1) = (v1) oC's ,
M = (1 + s'(ql))(w(vl) —l—/ dvg) — / M d’Ug. (32)
aQ1 —00 —0o0 ach
Clearly,
0?11 0C*(—
(Q1,U1) :wl(vl) ( @Dl(vl)vql)' (33)
0q10v, Iq1
For an interior optimum ¢j(v;), it satisfies the first-order condition
AT (qu, v1) / /—w(vl) /—w(vl) IC* (v, ¢ (v1))
——— =) = (1 1 dvg)— dvy = 0.
St o = (i) )+ [ )= [ S g,
Moreover, by the second-order condition, %&hmbqu(vl) < 0. Further differentiating

the above first-order condition with respect to v; on both sides of the equation leads to

dgi(w) M(qo) o PUaw)
dvy N oq3 q1=q1(vli 0q10v1 a=gi) .

v~

<0

Step 1. Identify the monotonicity or quasi-concavity property of ¢j(-).
Case 1: ¢1 + s(q1) is weakly increasing in ¢, € [0, 1].

(34)

If at vy, the optimal first-stage allocation ¢§(vy) is interior and thus satisfies

O11° (q7 (v1),v1)

Pt = 0, then
o . . —¥(v1)
[ i) g,y dgeeen + [ aw 20
oo 9g; (v1) -

(35)

By Assumption 3, we have 2C- @10l o 22 Therefore, (33) implies that

0q5 (v1)

Z2Gtrictly speaking, 1(vy) + f:;i(”l) dvy = +00. But this does not affect the analysis: When 1 +

0C” (=91 (v1),97 (v1))
0q; (v1)
AC* (v2,q5 (
0qi (v1)

s'(g5(v1)) = 0, it goes back to the case in our main model, and thus

1+ 5 (¢5(v1)) > 0, (35) implies that when N > 0 is large enough, f:;\;p(vl)
AC* (=11 (v1),q5 (v1))

implies
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> 0; when
v1) qy, > 0, which

gt (01 > 0 by Assumption 3. Therefore, hereafter, to ease our notations and proof,
1



9%M(q1,v1)
0q10v1

Following Lemma 3, it is easy to show that there exists a cutoff v] < v such that
q;(v1) =0 for vy < o§ if any, and ¢§(v1) € (0, 1] for v; > 5.

lg1=¢s (v1) > 0, which, combined with (34), further implies ¢i’(v1) > 0.

We now show that if ¢j(v;) = 1, then ¢;(v}) = 1 for all v > v;. For any ¢; € (0, 1],
15 (1,v1) > 1I%(qq,v1) is equivalent to

—tp(v1)

/ (v1) /1 8(]581;?611 dgrdvy < (14 s(1) — 1 — s(q1))(W(v1) +/ dvs).

—0o0

Notice that the right-hand side expression is nonnegative and independent of v;. Hence,
by Assumption 3, for all v] > vy,

/ N / OC™(W81) 4o du, < (1 -+ 5(1) g — s(an)) (B(]) + /_w(vi)dw).

—00

This implies that 11°(1,v]) > I1°(q, v}). Hence, ¢;(v}) = 1.

Overall, ¢§(-) is weakly increasing.

Case 2: q1 + s(q1) is strictly decreasing in ¢; € [0, 1].

Notice that ¥(v;) + f:;i(vl) dvy is independent of v;. By Assumption 3, for each
¢ € [0,1], there are at most two v; € [0,1] such that (32) = 0: the v; such that
%{;fl)"ﬂ) > 0 (resp. < 0) satisfies ¢;'(v1) > 0 (resp. < 0) and is denoted by ¢;(q1)
(resp. @a(q1)).”

Moreover, whenever there are exactly two solutions, by Assumption 3 and the fact
that (32) = 0: it must be the case that p;1(q1) < p2(q1) and

/w(m(ql)) 805(1]2, Ch)

dvy = 0. (36)
—(p2(q1)) O

It is easy to show that for any v] < vy < of, if ¢;(vy) = 0, then ¢j(v]) = 0, and for
any v; > vy > v}, if ¢f(v1) = 0, then ¢{(v]) = 0. Under Assumption 3, it is easy to
show that if there are v; < vf such that ¢j(v1) = ¢{(v]) = 1, then ¢j(v}) = 1 for all

!/ 2
v € [v1,v]].
Hence, ¢;(+) is quasi-concave.
Step 2. Construct the transfer rule.

Once the optimal stage-one allocation ¢f(-) in the relaxed problem is identified, one
can follow Lemma 5 to show that the advance payment and the per-unit strike price are
given by p;(-) and p3(-). We thus omit the details.

Step 3. Establish the global IC condition.

To do so, we generalize the w function defined in the proof of Proposition 1 to w® as

we will also use similar notations and argument as in (35).
ZThe sign of ¢{’ can be analyzed using expression expression (34) and an argument similar to that
in Case 1.
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follows:
—+oo

w*(q1,p2,v1) = o1 + S(Ql)/ (v1 + vo — pa) F(dva|qr),

p2—u1

which satisfies

s ac’s b2 — V1,9 s
w31<q1ap2avl) = ( 2&] . 1)7 w32(Q17P2,U1) <0.
1

Similar to the proof of Proposition 1, for any v; and r; € [0, 1], to show that type v; has
the incentive to truthfully report rather than misreporting ry, it suffices to show that

[ vt st e @ dzar = [ 7 SO ) 00

(=) oC*(y, Q1< ) s
/ /x v1—1() 8611( ) 7 (@) dydz 2 0. (37)

When ¢;(-) is monotone, one can follow Proposition 1 to show that the required
inequality holds. The proof is very similar, which utilizes Assumption 3 and the
optimality of ¢;(-).

When ¢;(-) is non-monotone (and thus is first increasing and then decreasing), the
verification is complicated yet tedious. As an illustration, we only demonstrate the case
where vy < 7 with 0 < ¢;(v1) < ¢§(r1) < 1, ¢}'(v1) > 0, and ¢{'(r1) < 0. All other
cases can be verified analogously. In the current case, fix any 0, € argmax,, ¢ 174 (v1)
and thus v; < 07 < ry. Let r] € [v1,01] be the “symmetric” type of r; in the sense that
i = ei(gi(r))-

We rewrite the double integral in (37) as follows

@ a0y, gi(a)
/ / o o) ) dyd (38)

w00y 4i(@) >> @ ac(y,¢5 ()
/ /w nev  O4i(r) dyder/ /x novw  O0gi(@) o dy((ix‘)
39

Again, (38) > 0 can be established by the same analysis as in the proof of Proposition
1. By performing a change of variable, (39) can be rewritten as

/‘11(7"1 / (e1(q1)) acs(y Q1 dyda + /ql(vl / (2(q1)) acs(y’ q1> 4y dg
q1 - e— 1
e1(q1)—v1—Y(p1(q1)) O w2(q1)—v1—Y(p2(q1)) I

a7 (91) p1(g1)—v1=v(e1(a1)) Hers Y, q P(pa(qr)) aC*(y, q
- ety [ P00 4y)
a; (r7)=q3 (1) wm(ql)) q1 w2 (q1)—v1—¥(pa(q1)) 1
q7 (1) 1(q1)—v1—¥(p1(q1)) 0O Y, q
SN P ay) (40)
qi (r1) (q1)—v1—9(p2(q1)) q1

Fix any ¢; € [¢5(r1), ¢;(01)]. By Assumption 2, ¢/(-) > 1 and thus w(“’;é‘(}z%:zf&()ql)) >

1. This further implies that @1(q1) — 11 — ¥(1(q1)) > @a(ar) — 01 — B(alar)).
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: %1"“) > 0, then it is obvious that

o If for y = pa(q1) —v1 — Y (p2(qr)) dq

er(@)—vi=v(ei(@)) gors
©

2(q1)—v1—9(p2(q1)) Iq o

by Assumption 3.

o If for y = @o(q1) —v1 — ¥ (2(qr)), %fl"“) < 0, then by Assumption 3, there exists

i € [ealqr) — v1 — Y(p2(q)), e1(@) — v1 — Y(p1(q))] such that 250 — 024
Moreover,

/@1(q1)v1w(s01(q1)) oC*(y, q1)
P

d
oq Y

2(q1)—v1—9¥(p2(q1))

/[ 9C*(y. q1) , T @l 9Cs(y, q1)
- R on "
w2(q1)—v1—(p2(q1)) | . Y
<0 >0
ea(q)—v120, o s —tp(¢1(q1)) s
¢1(q1;”120 /y oC (y, ql) dy + / L)) gc (y7 QI) dy (36) 0
B —p(p2(q1)) 90 v 90

Hence, we have (40) > 0 and eventually (37) > 0. This completes the proof of the
global IC condition. [
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