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Abstract

This paper studies a Bayesian persuasion problem where the agent receives private infor-
mation over time. The principal designs a persuasion mechanism to induce the agent to take a
costly action. We show that when the agent’s information arrives gradually, the principal may
benefit from offering a menu of experiments that discriminates based on the agent’s early-stage
signal. The later-stage information, though more precise, has no screening value. This finding
is in contrast to previous studies with static private information, which show that a single
non-discriminatory experiment is optimal. We characterize a necessary and sufficient condition
under which the optimal mechanism is non-discriminatory. When this condition fails, a dis-
criminatory menu strictly outperforms any single experiment. Simple sufficient conditions are
provided based on the cross-hazard rate of type-specific cost distributions. Furthermore, we
evaluate the welfare implications and show that information discrimination can be either purely
exploitative or Pareto-improving. Our results highlight that the timing of private information
creates scope for information discrimination.
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1 Introduction

Platforms often have strong incentives to learn about their users: better information enables
better targeting, and better targeting increases the likelihood of persuading users to take
actions that benefit the platform. Yet much of the information platforms would like to use
is private to the user. Moreover, even if such information can be collected, regulatory limits
often prevent platforms from accessing or using it directly. Instead, a platform must rely
on the information it discloses about product features or performance to induce users to
voluntarily reveal their private information. The design of disclosure therefore serves both
to elicit the user’s hidden characteristics and to persuade the user to take the targeted action.

For example, a software-as-a-service (SaaS) platform like Asana or Salesforce may launch
a premium tier and seek to persuade an IT manager to upgrade. The manager initially
knows something about the organization’s internal dynamics: some teams adopt new tools
easily while others are change-averse or require significant training. The platform controls
what information to disclose about the premium features, such as how well they integrate
with existing workflows. The manager gradually discovers the actual implementation cost
of getting the team on board. Instead of showing the same information to everyone, the
platform can design distinct onboarding paths that reveal different levels of detaﬂH A
manager who expects low implementation costs chooses the guided path, while a manager
with a change-averse team chooses the advanced path because he needs detailed information
to justify the upgrade. Through their choices, managers reveal their private types, and the
platform delivers information tailored to that typeﬂ

The same logic appears in other settings. In financial services, robo-advisors like Wealth-

front and Betterment decide how much technical detail to reveal to clients who differ in risk

!For example, Asana offers “guided setup” and “advanced configuration”; Salesforce provides “quick

start” and “custom implementation” options.
2 As reported by [Reforge (2023)), the platform Airtable conducted an onboarding experiment comparing

a guided tutorial with a passive tooltip-based approach. The guided tutorial increased the rate at which
users created their first workflow by 15%, yet it also led to a 5% drop in the completion rate. This trade-off
illustrates that a more intensive information experience can be effective for some users while discouraging
others. Such heterogeneity in user responses to information demonstrates that a platform could benefit from

offering tailored disclosure options rather than a uniform policy.



tolerance. They rely on voluntary client questionnaires to infer these characteristics before
providing advice. Online platforms like Pinterest or TikTok ask users to consent to data col-
lection for personalized recommendations. Those who opt in receive more relevant content,
which can in turn encourage purchases.

These examples suggest that platforms can achieve higher payoffs by offering different
information to different types, which we call discriminatory persuasion. On the other hand,
the existing literature on Bayesian persuasion often shows that a simple persuasion mech-
anism with the same experiment for every agent suffices. |Kolotilin et al.| (2017) show that
every incentive compatible mechanism can be implemented by a single experiment, when
the state and the agent’s private information are independent. (Guo and Shmaya (2019)
prove that a non-discriminatory persuasion mechanism is optimal even when correlation is
allowed. These results imply that personalized information design offers no extra benefit.
However, the examples above share a feature that the static persuasion literature abstracts
from: the agent’s private information arrives gradually. For instance, in the SaaS example,
the manager first possesses a coarse signal about his organization’s internal dynamics and
only later learns the actual implementation cost.

In this paper, we consider a setting with sequential private information. The principal
(she) wants to persuade the agent (he) to accept a proposal. She commits to a disclosure
rule about the proposal’s quality (the state). In the first stage, the agent observes a coarse
signal (his type) that predicts his later cost of acceptance. In the second stage, the cost is
realized. A higher type makes higher costs more likely. The principal benefits whenever the
agent accepts, while the agent benefits only if the state is high enough to cover his private
cost. The principal can commit to a persuasion mechanism that elicits both the agent’s
first-stage type and second-stage cost. The mechanism may be non-discriminatory (i.e., can
be implemented by a single experiment regardless of the agent’s report) or discriminatory
(i.e., can only be implemented by a menu of experiments contingent on the reported type
and cost).

We aim to characterize when a discriminatory persuasion mechanism is optimal, and
when a non-discriminatory one suffices. Proposition [l under our distributional assumptions,

provides a necessary and sufficient condition. The condition is related to what we call the



cross hazard rate, the ratio of the derivative of the high type’s cost density to the low type’s
cost density itself. This ratio captures how the type-specific cost distributions compare.
For a single experiment to be optimal, this ratio (or more rigorously, a certain averaged
version of it) cannot be too low over the lower range of costs, nor can it be too high over the
upper range of costs. Otherwise, the principal may benefit from marginally adjusting the
benchmark experiment, so that in the experiment designed for high type, the set of states at
which the mechanism fully discloses is an increasing image of the corresponding set in the
experiment designed for the low type.

To offer a profitable menu of experiments to different types, the principal must ensure that
the marginal gain from offering the two types different experiments outweighs the marginal
information rents needed to prevent types from mimicking each other. Intuitively, when
types are more separated, they value marginal changes in information more differently, mak-
ing marginal gains more likely to dominate and information discrimination more likely to
be optimal. When a discriminatory persuasion mechanism is optimal, we show that it is
implementable by a menu of experiments contingent only on the agent’s report of first-stage
type. As discussed above, in the static setting where the agent knows his cost, screening the
agent’s private information is not profitable; see Kolotilin et al.| (2017) and |Guo and Shmaya
(2019)E| Our result indicates that the first-stage type becomes a valuable screening device
in the dynamic setting, though the second-stage cost is not.

The result above delivers a simple message: information discrimination is valuable when
early private signals meaningfully predict differences in how private information evolves. To
facilitate applications, we provide easy-to-check sufficient conditions in Section [4.3] linking

our necessary and sufficient condition to the shapes of the type-specific cost distributionsﬁ

3In the static setting, every persuasion mechanism is equivalent to an experiment when the state space
is binary; see |[Kolotilin et al.| (2017). In Section we present a binary-state example in the dynamic
setting. There is a persuasion mechanism in this example such that neither the outcome of the persuasion

mechanism nor the interim utility it generates can be replicated using a non-discriminatory experiment.
4Specifically, when types are sufficiently similar, the cross hazard rate is decreasing, and a single experi-

ment is optimal; when types are well separated, the cross hazard rate is strictly increasing, and the optimal
persuasion mechanism must be discriminatory provided that the principal benefits from revealing in the

benchmark non-discriminatory persuasion mechanism.



Beyond these sufficient conditions, we offer a complementary perspective on how type sep-
aration affects the principal’s problem. We show that making the two types more distinct
preserves the feasibility of the original optimal mechanism. Hence, more informative early
signals enlarge the principal’s scope for screening. Moreover, if the unconditional cost dis-
tribution is fixed and a single experiment is initially optimal, we demonstrate through an
example that increasing type separation can eventually make discrimination profitable and
raise the principal’s payoff. This is consistent with the message that the value of discrimi-
nation depends on how the types differ in their responses to information.

Our result also speaks to the design of personalized recommendation systems and the
regulation of digital privacy. Platforms routinely defend data-driven personalization as a
necessary tool for providing better services, while critics argue that data elicitation enables
manipulation and surplus extraction. Our analysis demonstrates that in the context of
information provision, profitable discrimination need not reduce the agent’s welfare. When
the platform seeks to extract surplus from “hard-to-persuade” users, it needs to provide the
market with more information to prevent “easy-to-persuade” users from mimicking, leading
to a Pareto improvement. Conversely, when the platform targets “easy-to-persuade” users,
it creates informational scarcity, resulting in purely exploitative discrimination. As a result,
restrictions on type-contingent disclosure may eliminate exploitative screening, yet they may
also rule out value-creating forms of personalized information provision. A better way is to
provide an “opt-out” option, which rules out the purely exploitative menus and guarantees
each type at least the payoff from the optimal non-discriminatory experiment.

The remainder of the paper is organized as follows. The rest of the introduction provides
the literature review. Section [2| presents the model. In Section 3, we provide a motivating
example, where all the simple experiments lead to the same outcome, while a discriminatory
persuasion mechanism strictly improves the principal’s payoff. Section [ states the main
characterization theorem and provides easy-to-check sufficient conditions. In Section [5 we
provide further discussions about welfare implications of information discrimination and
the effect of separating types. Section [6] concludes. Proofs and additional material on the

extension to the setting with multiple first-stage types are collected in the Appendix.



Literature review This paper joins the literature on Bayesian persuasion since Kamenica,
and Gentzkow (ZOll)E] It is most closely related to works on persuasion with a privately
informed agent. Kolotilin et al| (2017) study the setting where the information controlled
by the sender is independent of the receiver’s private information. In the baseline model,
they show that every incentive compatible persuasion mechanism can be implemented by a
single experiment. As a result, there is no value in information discrimination. In |Guo and
Shmayal (2019)), the information controlled by the sender is correlated with the agent’s private
information. They find that although not all mechanisms are implementable by a single
experiment, the optimal one remains non-discriminatory. The current paper complements
these studies by introducing sequentially arriving private information and showing that even
under independence, information discrimination can be valuable.

The insight that the principal may benefit from screening the agent’s gradually arriving
private information has been explored in the mechanism design literature. |Courty and Li
(2000) study the optimal selling mechanism when the agent first learns a rough private val-
uation and then the precise private valuation. When the interim participation constraint is
imposed, they show that the optimal selling mechanism is a menu of option contracts. By
adopting the ex post participation constraint, Krahmer and Strausz (2015) provide sufficient
conditions for the optimal selling mechanism to be static; that is, the seller offers the same
contract to different types. Bergemann, Castro and Weintraub| (2020)) further characterize
when the optimal mechanism is static. Krahmer and Kovac (2016) study a dynamic dele-
gation problem, and provide sufficient conditions for the optimal delegation to be static or
sequential. The current paper studies a Bayesian persuasion problem, which differs from
the above works. We provide a sharp characterization for when the optimal persuasion
mechanism is non-discriminatory.

There are other factors that may lead optimal persuasion to involve information discrim-

ination. Kolotilin et al.| (2017) have discussed several such factors, including nonlinearity,

®The setting in the current paper belongs to the linear persuasion environment, which has been studied
in previous works; see, for example, |Kolotilin| (2018)), [Dworczak and Martini| (2019), Kolotilin, Mylovanov
and Zapechelnyuk| (2022), and |Dworczak and Kolotilin| (2024)). Recently, [Kolotilin, Corrao and Wolitzky

(2025)) study Bayesian persuasion in the nonlinear environment.



larger action sets, etc. Another important scenario that benefits from information discrimi-
nation is when the problem involves joint design in information and pricing; see, for example,

Li and Shi| (2017)),|Guo, Li and Shi| (2024)), and Wei and Green| (2024). Moreover, when there

are multiple agents, the sender may leverage the heterogeneity among agents by offering dif-

ferent information; see, for example, Bardhi and Guo| (2018]), Bobkova and Klein (2018),

(Chan et al| (2019)), and |Chen and Chen| (2024)). In the current paper, we point out a new

factor that may lead to information discrimination, namely, the gradual arrival of private
information.

Finally, there is a rich strand of literature embedding dynamics in information design.

For instance, when multiple senders move sequentially, as in |Li and Norman/ (2021]) and [Wul

(2023), the problem naturally features sequential information designﬁ Alternatively, the

state of the world can evolve in the dynamic environment, see Ely, Frankel and Kamenical

(2015)), Ely| (2017) and Koh, Sanguanmoo and Zhong (2025) among others. Furthermore,

information production may take time, as in (Che, Kim and Mierendorff] (2023). In the

current paper, the source of dynamics is the evolution of agent’s private information, which

differentiates the current paper from these studies in this strand of literature.

2 Setup

Consider a relationship between a principal (she) and an agent (he). There are two actions
that the agent can take from A = {0,1}. Action a = 0 generates no benefit or cost to the
principal or the agent. Action @ = 1 incurs a private cost ¢ to the agent and leads to a
random benefit w € Q = [0, 1], yet it always benefits the principal. Let the utilities of the
principal and the agent be

v(c,w,a) =a and u(c,w,a) = a(w — c).

The agent’s private information arrives in two stages. In stage one, the agent learns

SFor works on Bayesian persuasion with multiple senders in the static setting, see, for example,
[and Kamenical (2016)), [Li and Norman| (2018)), |Au and Kawai (2020} 2021)), and [Hwang, Kim and Boleslavsky|

o)




his type t € T = {L,H }ﬂ which is realized with probability f(¢). This type provides a
noisy signal about his future cost of taking action a = 1. In stage two, the agent’s private
cost ¢ € C' = [0,1] is realized. Given type t in stage one, the distribution and the density
of ¢ are Gy¢(-) and g;(-), which are continuously differentiable and positive on (0,1). Let
g(-) = f(L)gr(-) + f(H)gu(-) denote the unconditional density of ¢, and let G(-) denote the
corresponding distribution function.

We impose the following assumptions. Assumption [1] is the common log-concavity con-
ditionﬁ Assumption [2| imposes the monotone likelihood ratio property, which ensures that
a higher type leads to higher costs statistically more likely.

Assumption 1. The density functions gr(c), gu(c), and g(c) are log-concave in c.
gu(c)
9r(c)

We call the random benefit w the state, which is realized after (¢, ¢) is known to the agent.

Assumption 2. The likelithood ratio 18 strictly increasing in c.

It is fully supported on [0, 1], follows the distribution ®, and admits a continuous density ¢.
Moreover, w is assumed to be independent of agent’s private information (¢, ¢). The principal
controls the release of information about w. Her aim is to design a persuasion mechanism to
maximize the expected payoff. Specifically, a persuasion mechanism 7 : 7' x C' x Q — [0, 1]
requires the agent to sequentially reveal his type t and cost ¢, and then recommends that
the agent take action a = 1 (resp. a = 0) with probability 7 (¢, c,w) (resp. 1 —7(t, c,w)).
After receiving the recommendation from the principal, the agent decides whether to
follow it or not. Let a; (resp. ag) be the action taken by the agent when he receives
recommendation a = 1 (resp. a = 0). Let  and ¢ be the agent’s reports in stages one and
two. Then, the agent with true information ¢ and ¢ has the following expected payoff in

stage two,

U(E, ¢, a0, arlt, ) EJ lao(l —n(h 6 w)) + anr(i, 6 w) | (@ — ) d(w).
Q

"We extend the analysis to the setting with multiple types in Section

!
8When the ¢ function satisfies this assumption, the log-derivative g is decreasing, and one can explicitly
g

characterize the optimal non-discriminatory persuasion mechanism, which can be implemented by an upper-
censorship experiment. As demonstrated by the counterexample in Section [3| a (discriminatory) persuasion

mechanism may not be implementable via an experiment even under Assumption E}

10



A persuasion mechanism is incentive compatible if the agent finds it optimal to report truth-
fully in both stages and to follow the recommendation. We decompose this requirement into
two conditions: incentive compatibility conditions in stage two (/Cy) and stage one (IC}).
The IC5 condition requires that the agent has no incentive to engage in one-shot deviation
in stage two, which includes misreporting ¢ and disobeying the recommendation sent by the

principal. Formally, IC5 requires that for all t € T', c€ C, ¢ € C, and ag, a; € A,
Ur(t,c) = Ur(t,c,0,1]t,¢) = Ur(t, ¢, ap, aq|t, c);
that is,

L 7(t,c,w)(w —¢) dP(w) = J

[ao(l —7(t,¢6,w)) + arm(t, ¢, w)] (w—0c)dd(w). (1)
Q
The IC condition requires that the agent has no incentive to deviate starting from stage one,
which includes one-shot deviation in stage one and double deviation in both stages. It means
that for any initial misreport ¢ and for any subsequent plan to misreport cost and disobey
recommendations in stage two, the agent’s expected payoff is weakly lower than that from
truthful reporting and obedience. Formally, it requires that

f Uy (t, )gilc) de f U, c(c), a0(c), an () [t, €)gu(c) de

ceC ceC
for any t,t € T, stage-two reporting plan ¢ : C — C, action plan ag : C' — A contingent
on the principal’s recommendation a = 0, and action plan a; : C' — A contingent on the

principal’s recommendation a = 1.

The principal’s original problem, Problem (O), is defined as follows:

max ||| s(tew)ontonno doded

s.t. 7 satisfies IC; and 1C5.

A persuasion mechanism discloses information about the state by sending a recommen-
dation after eliciting the agent’s report of his private information in two stages. Instead of
adopting a persuasion mechanism, the principal may disclose information about the state
by using an experiment, which does not require the agent to report private information. An

experiment is a mapping o : Q@ — A(M), where M = [0, 1]. Given an experiment, a message

11



m induces a posterior mean of the state. The agent with the cost equal to this posterior
mean is indifferent between the two actions. An experiment is direct if m = E[w|o(w) = m].
Namely, the experiment sends a message m € M contingent on the state, such that the
message directly informs the agent of the posterior mean. If an experiment is used, one can
focus on direct experiments without loss of generality; see Kamenica and Gentzkow| (2011)).

A natural question is: can the principal achieve the same payoff with a simple experiment
as with an optimal persuasion mechanism? If such an experiment exists, then we say that
the optimal mechanism is non-discriminatory, meaning that the richer class of mechanisms
offers no additional gain. If discrimination is necessary, it provides a rationale for why a

principal might seek to elicit the agent’s private information.

3 An example

In Section [2, we present a simple Bayesian persuasion model in a linear environment with
binary actions. We now provide an example to illustrate that the optimal persuasion mech-
anism may not always be implementable via a simple experiment. In this example, the
principal achieves a strictly higher payoff by using a discriminatory persuasion mechanism.

Suppose that type t, private cost ¢ and state w, are all uniformly distributed. Specifically,
f(t) = 0.5 for both ¢ € T, the unconditional density of the cost g(c) = 1 for all ¢ € C, and
¢(w) = 1 for all w € Q. The variables ¢t and ¢ are correlated with g;(¢) = 2 — 2¢ and
gr(c) = 2c for any c € C' = [0, 1]. The realization of w is independent of ¢ and c.

First, suppose that the principal commits to offering an experiment to the agent. Figure
illustrates four simple experiments and the induced actions. The experiments in panels (a)
and (b) involve fully disclosing w and not disclosing w respectively; the experiment in panel
(c) involves upper censorship with cutoff ¢; that is, fully disclosing w € [0, ¢] and pooling
states w € (¢, 1]; the experiment in panel (d) involves lower censorship with cutoff ¢; that
is, pooling states w € [0, ¢] and fully disclosing w € (¢, 1]. The shaded area in each panel
describes the range of ¢ and w where the agent takes action a = 1. As ¢ and w are uniformly
and independently distributed, the pair (c,w) falls into the shaded area with 50 percent

probability in each panel, implying that the principal earns an ex ante payoff 0.5 under

12
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c c
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(a) Full disclosure (b) No disclosure
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(c) Upper censorship (d) Lower censorship

Figure 1: Four experiments

each of the four experiments. In fact, not only are these four experiments equally good, by
applying the argument of |Kolotilin et al.| (2017)) to this example, every experiment leads to
the same ex ante payoff 0.5 to the principal. Moreover, their result implies that the principal’s
ex ante payoff remains 0.5 even if she can condition the experiment on the agent’s cost ¢ in
an incentive compatible way. In other words, screening on cost provides no benefit.

We now show that the principal can achieve a strictly higher payoff by screening the
agent’s type t. To see this, suppose that the principal first adopts the same upper-censorship
experiment with cutoff ¢ (slightly below 0.5) for both types. Starting from this baseline, she
deviates to a menu of two experiments: the one designed for type L remains the upper-
censorship experiment with cutoff ¢, and the one designed for type H is instead the lower-

censorship experiment with the same cutoff. Let Sp(c) (resp. Sg(c)) denote the probability

13
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Figure 2: Surplus extracted from cost-c agent

that a cost-c agent takes action a = 1 under the experiment designed for type L (resp. H).
This probability corresponds to the height of the shaded area in panel (c) (resp. panel (d)) of
Figure . Since the principal’s payoff is exactly this probability, S;(c) represents the surplus
extracted from a type-t cost-c agent.ﬂ

By switching from the non-discriminatory persuasion to the above discriminatory menu,
the principal extracts the same surplus from type L as the experiment for type L remains
unchanged. The additional surplus extracted from a type-H cost-c agent is given by Sg(c)—
Sp(c), as illustrated in Figure[2] Since ¢ < 0.5 and the density gx(c) = 2c places more weight
on higher costs (i.e., larger ¢), the positive region of Sg(c) — SL(c) receives a higher weight
under gy than the negative region. Consequently, the expected additional surplus under gy
is positive. Therefore, conditional on the agent truthfully reporting his type and following
the designated experiment, the discriminatory mechanism is strictly more profitable for the
principal.

The upper- and lower-censorship experiments, labeled by L and H in the following ex-

9This menu of experiments does not help the principal if the agent is able to observe his private cost in
stage one. To see this, nearly all agents with cost below (resp. above) ¢ have a strict incentive to choose
the upper-censorship (resp. lower-censorship) experiment, leading to the same payoff to the principal as the

optimal non-discriminatory persuasion.
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pressions, give a cost-c agent the expected payoffs of

( 1 ( C
J (w—c¢)dw, ce0,¢l; 0.5 —¢, ce [0, 5]7
¢ . . e+ 1 c
UL(c)=<(1—a)(C;1—c), ce(é,c—gl]; Un(c) = { (1 =&)(—=—¢), ce(5,¢;
~ 1
0, 06(6—51,1]; J(w—c)dw, 66(671]'
\ \ Jc

In particular, the Uy (c) function crosses Ug(c) only once from above as ¢ increases from 0
to 1. When ¢ is slightly below 0.5, the density g;, (resp. gy) evaluates Uy, (resp. Uy) more
favorably. Thus, the menu of experiments is incentive compatible for the agent; that is, each

type prefers its designated experiment. For example, when ¢ = 0.475,

1 1
J Ur(c)gr(c)de ~ 0.2468 > 0.2432 ~ J Un(c)gr(c)de, and
0 0

1

1
J Un(c)gu(c)de ~ 0.0812 > 0.0744 ~ J Ur(c)gu(c)de.
0 0

Finally, we remark that information discrimination may not always benefit the principal.

e
For instance, under specific density functions such as gp(c) = 1e_c and gg(c) = 2 —
e —

16_0, this particular discriminatory mechanism fails to outperform non-discriminatory
e —_—

ones. In fact, as will be discussed in Section [4] under g, and Gp, there does not exist
any menu of experiments that is strictly more profitable for the principal than the optimal

experiment.

4 Analysis

In this section, we shall characterize when the discriminatory persuasion can be strictly
optimal. Our analysis proceeds in a few steps. First, we simplify the principal’s problem by
recasting it in terms of the agent’s utility (Problem (I)). Second, we present the optimal non-
discriminatory persuasion benchmark, which is implemented by a simple experiment. Finally,
we derive a necessary and sufficient condition for when the simple benchmark remains optimal
and when the principal should instead adopt a discriminatory menu. As will be shown, the
condition dependls on how informative the agent’s initial type is about his eventual cost.
Let U(c) = J (w—¢)dP(w) and U(c) = max{E[w] — ¢, 0} be the cost-c agent’s expected

payoffs under full and no disclosure, respectively. Let U be the set of convex functions

15



U : C — R bounded above by U and below by U. [Kolotilin et al.| (2017) show that in a
static persuasion problem, allowing the principal to choose the optimal persuasion mechanism
is equivalent to allowing the principal to choose the agent’s indirect utility function.

In our sequential private information setting, we now define another problem, where the
principal does not directly choose a persuasion mechanism. Instead, her choice variables

are the two types’ indirect utility functions Uy, Uy € U, where a type-t cost-c agent earns

expected utility U;(c) from the underlying persuasion mechanism. This is Problem (I):
m, [aOELT+ 10 [ vu@@des ) [ Un(da(o)ae
UL,Uneld ceC ceC

J UL(c)gr(c)de = LECUH(c)gL(c)dc,
J Un(c )dc)LECUL(c)gH(c)dc.

Note that g(0)E[w] is a constant and can be omitted from the maximization problem.
The following lemma shows that Problem (I) is equivalent to the principal’s original

problem, Problem (O).

Lemma 1. (a) For every persuasion mechanism 7 that satisfies the constraints in Problem
(0O), the induced indirect utility functions for the two types satisfy the constraints in
Problem (1) and lead to the same value in Problem (I) as w does in Problem (O).

(b) For every pair of U, Uy € U that satisfies the constraints in Problem (I), there ezists
a persuasion mechanism w that satisfies the constraints in Problem (O) and leads to

the same value in Problem (O) as the pair of Uy, Uy € U does in Problem (I).

4.1 Non-discriminatory persuasion benchmark

To study when it is optimal to adopt a discriminatory persuasion mechanism, the solution
of the optimal non-discriminatory persuasion plays an important role. Suppose that the
principal does not elicit the agent’s stage-one private information. Similar to Lemma [I], the

principal’s problem can be written as Problem (S) (“S” refers to static) defined as follows:

Ueld

max f U@ e)de
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For each s € [0, 1], we define an experiment o s: let the experiment fully reveal w € [0, s]
and pool w € (s, 1] into the posterior mean E[w|w > s] H This experiment is called an upper-
censorship experiment. The induced expected utility to a cost-c agent is given by U (c).
By Assumption g_’ is decreasing. Hence, ¢’ satisfies the downward single crossing property
(DSCP); that is, t%ere do not exist s;,s5 € C with s; < s9 such that ¢'(s;) < 0 and
g (s9) > O.E When ¢’ satisfies DSCP, the solution of Problem (S) can be implemented by
an upper-censorship experiment; see Kolotilin et al. (2017) and Kolotilin, Mylovanov and
Zapechelnyuk| (2022]).

Define

inf{se C:¢'(s) <0}, if{seC:g(s)<0}+# T
1, if{seC:¢(s) <0} =0.
To solve the optimal upper-censorship experiment, a candidate cutoff iﬂ

Elw|w>s]
s* zmin{se [0,8] : s < § < Elw|w > s], f (c—s)g’(c)dcéO}. (3)

S
Replacing g by g7, or gy in and defines §p, Sy and s7, s}, analogously. The optimal
cutoff balances a trade-off: a higher cutoff means full disclosure for more states, which fails
to persuade a group of mid-low-cost agents, but it also makes the pooled message more

informative and thus more appealing to a group of mid-high-cost agents.

Elw|w>s*]
It is worth pointing out that, if s* > 0, it must be the case that f (c—s")g'(c)dc =
e
OH Equivalently,
Elw|w>s*] Ew|w>s*]
| e sg@des s [ e sdglade=0. @
s* g%
1%When s = 1, we slightly abuse notation by letting E[w|w > 1] = 1.
"Gimilarly, one can define the upward single crossing property (USCP).
Elw|w>s]
2The requirement f (¢ — s)g'(¢)dc < 0 is the first order condition, where the inequality takes
S

care of the potential corner solution s* = 0. The other potential corner solution s* = 1 happens only if
s* = § = Elw|w > s*] = 1, for which the first order condition holds as an equality. The requirement that

s < 8 < E[w|w > s] is essentially a second order condition given that ¢’ satisfies DSCP.
E[w|w>s*]
13To see it, if s* > 0 andf (c—5*)g'(c) de < 0, then it must be the case that s* < § < E[w|w > s*].
s*
Elw|w>s]
There exist s € (0,s*) < [0, §] such that J (c—s)g'(c)dc < 0and s < § < E[w|w > s]. This contradicts
the definition of s*. (
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The following lemma verifies that Uy s+) is a solution of Problem (S).

Lemma 2. Given the above defined s*, Ug g+, the indirect utility function induced by the

upper-censorship experiment o sxy, solves Problem (S).

4.2 A necessary and sufficient condition

When can the principal improve upon the single experiment by offering a menu? Intuitively,
a discriminatory menu is profitable when the types are sufficiently different in how they
value marginal changes in information. If the types are not distinct enough in their marginal
valuation of information to make screening worthwhile, then the optimal non-discriminatory
experiment suffices. In general, the principal may create a menu with different experiments
such that each type will self-select appropriately.

The following proposition provides a necessary and sufficient condition.

Proposition 1. The optimal persuasion mechanism can be implemented by an experiment

if and only if for all ¢y < s* and ¢y > S*E

o) | S B e =g de ST e alg(de
grler) —  f(H) Sf,,[wlws*](c — s*)gr(c)de - Si[w‘wx*](c — ¢)gr(c)de

Under condition @), the optimal persuasion mechanism can be implemented by oo s+).

When (4] is satisfied (recall that s* > 0 is sufficient for to hold), the condition ([5|)

can be equivalently written as

gule) _ S e = s)gp(e)de 577 (e~ eo)gha(c) de .

gr(er) — (ERle=tl de ~ T ) gn(e) e
The optimal single experiment oo ¢+ guarantees a certain level of expected utility to each
type. The principal considers the benefit from offering a menu, but needs to weigh the gains
from treating the two types separately against the costs of doing so. When condition

fails, the principal can slightly perturb the optimal non-discriminatory experiment o s+) in

one of two ways to create a new menu, depending on where the violation occurs.

“When s* = 1, only the left-hand inequality is imposed, with the middle term in (5) interpreted as the
L) g7 (1
one-sided limit _S@) g ()

f(H) gr(1)

. When s* = 0, only the right-hand inequality is imposed.
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e Suppose that the left-hand side (LHS) inequality in is violated for some ¢; < s*.
The principal offers the type L a slightly less informative experiment (a cutoff lower
than s*) and the type H a carefully designed experiment that pools some low region
around c;. Specifically, let the experiment for the type L be o ¢ _e). Construct a new

experiment for type H as follows:

— fully revealing on [0,¢1] U [c1 + d1(€), s*];
— pooling on (¢y,c1 + 61(€));

— pooling on (s*,1].

Here, d1(€) is chosen such that the type L is indifferent between the experiments de-

signed for both types.

/

g (c)

gL(Cl)
density is small relative to L’s density at that cost. In the construction, the principal

is low at some ¢; < s*, the derivative of type H’s

When the cross hazard rate

pools a tiny interval (¢p, ¢ + 9) for type H. The resulting loss in the principal’s payoff
gulc)

grlcr)
(making its experiment less informative) yields a gain that is proportional to the middle

is approximately proportional to . At the same time, lowering type L’s cutoff

term of , which is higher. Hence, the marginal cost of pooling is small relative to

the marginal benefit, making the deviation profitable.

e Suppose that the right-hand side (RHS) inequality in is violated for some cp > s*.
The principal offers type L a slightly more informative experiment and the type H
an experiment that provides more information for high costs. Specifically, the new

experiment designed for type L is 0 ¢+¢), and the new experiment for type H is

— fully revealing on [0, s*] U [cq, ca + d2(€)];

— pooling on (5%, ¢2) U (cg + d2(€), 1].

Again, d5(€) is chosen such that the type L is indifferent between the experiments

designed for both typesm

15In both cases, € > 0 is sufficiently small such that s* — e > 0 and ¢; + 6;(e) < s* in the first case, and

s* + €< 1and ca + d2(€) <1 in the second case.
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experiment for L experiment for L
€

0 1 0 1
experiment for H experiment for H
61(€) Gy(€)
EEER EEEEEEEEEENR] EENR EEEN
0 1 0 C2 1
s* s*
(a) LHS inequality in (5] is violated (b) RHS inequality in (5] is violated

Figure 3: Construction of a menu of experiments

Here, the RHS term, the ratio of weighted averages of g} and gy over the interval
[c2, E[w|w > s¥]], is proportional to the marginal gain from revealing information on
[c2,co + 0a(€)] to type H, while the middle term captures the marginal loss needed
to prevent type L from mimicking type H. The violation of RHS inequality means
that the marginal gain exceeds the marginal loss, so the menu strictly improves the

principal’s payoff.

The construction above is illustrated in Figure 3] The experiment reveals w in the blue solid
area, pools the red dotted area into one message, and pools the grey dotted area into another
message. For both panels in the figure, the fully revealing region in the experiment designed
for type H is an increasing image of the corresponding region in the experiment designed for

type L.

Remark 1. The construction above illustrates how to design a profitable menu whenever
condition (@ s violated. The formal analysis of the “only if” direction is left in the Ap-
pendixz. In general, this condition tests how much the type distributions gy and gr are
“separated” such that the cost of screening (information rent to the agent) is low enough
to justify its benefits. For example, when the “cross hazard rate” gy /gr is increasing, the
types are well “separated” as gy /gy is decreasing, which is part of the sufficient condition in

making discriminatory persuasion the optimal stmtegym

6We provide further discussions in Section
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For the “if” direction, the principal need only prevent type L from mimicking type H.
The following relaxed variant of Problem (1) with only the upward I1Cy constraint, Problem
(I1), turns out to be useful:

s, |10 [ vied@des i | va@dao]
s.t. Lec Ur(e)gr(c)de = LEC Un(c)gr(c) de.
The Lagrangian of Problem (II) is
L
=ﬂmj %@%@®+ﬂMJ %@%@a%AJ[m@—m¢mma@
ceC ceC ceC
=f;u@mm¢@+wmﬂm+f;m@umwmwmmwmc
) NG o NN .
- o0 oG a Jaudes [ vwe | 1n G - s
Denote

and

_ 9u(©)
Ly = Ug(c) | f(H) — A gr(c)de.
ceC gL(C)

It suffices to show that U, = Uy = Uyg e+ solves Problem (II), as the omitted downward
1C, constraint would be trivially satisfied. Towards this end, we first identify the candidate
Lagrange multiplier X. With appropriate A, it is shown that the optimal Up and Uy for
mazimizing L1 and Ly are both given by Ug g+). Therefore, the solution of Problem (I) can

be implemented by the experiment o gx).

Below, we revisit the example in Section [3] In this example, s* = 1 and the LHS of
condition is violated for every ¢; < s* = 1. We shall demonstrate how the principal

could construct a menu as in the second case to get a higher payoff.

Example 1 (Revisiting the example in Section [3).

g (c)

Recall that gr,(c) = 2—2c¢ and gy (c) = 2¢. Then (0 is increasing. The binding upward
gr(c
1CY constraint is

f[wmw%umm@m=0
ceC
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As discussed in Section @ Uy — Uy, satisfies the upward single crossing property (USCP).

Then the downward I1CY constraint
- & c)ac = c) — c c gH(C) C

|| 10w~ vaiNam(erde = [ [ate) - U@l 24 ae > o

gu(c)

gr.(c)
weight imposed on the positive (negative) part of Ug(c) — Ur(c) by gu is overall bigger

The inequality holds as the likelihood ratio 18 strictly increasing. Intuitively, the relative
(smaller) than it is when the weight is gy, .

The change in the principal’s payoff is

AL | [U30) = Vo (@lgle) de + () | [Un(e) = Uia (0] da(c) de
UrL—=Ug s)y+Un—UL

- [ W00 = Vaen(e)] [fDIhl0) + (g0 de+ 10T | [Uule) = Vi(e)lia(e) de

ceC

=0 for the linear densities in Section@

= c) — c c gu(c) c
1) [ o) = Un(elan (0 255 e

gp(c)

gr(c)
part of Uy (c) — UL(c) is overall bigger (smaller) than it is when the weight is gr,. Thus, the

Since is strictly increasing, the relative weight imposed by gy on the positive (negative)

change in the principal’s payoff is positive, implying that it is profitable to adopt a menu.
The argument above does not apply to the densities g, and gy at the end of Section [3,
which satisfy condition (H/ Loosely,

Julc)

gr(c)

15 a constant, implying that there is no change

in the principal’s payolff.

4.3 Easy-to-check conditions

Condition involves integral terms. To facilitate the application of Proposition , we

present some simpler, easy-to-check sufficient conditions.
/

The LHS of condition is the cross hazard rate g—H. It can be written as the product
gL

/
of H ang 92 Since 9H g decreasing and I i increasing, the monotonicity of the cross
g gr 9 gL
hazard rate depends on which of these two opposing forces dominates. When gy and g,

/

are sufficiently close, the cross hazard rate is decreasing, implying that no information dis-
crimination is optimal. When gy strongly dominates gy, screening the agent’s types can be

valuable.
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The intuition is summarized in the following corollary.

/
c
Corollary 1. (a) If gH(( )) 15 decreasing, then the optimal persuasion mechanism is imple-
gr(c
mentable by one experiment.

(b) If holds and g}l((cc)) is strictly increasing on [0,E[w|lw > s*]|, then the optimal
PETSUASION mechm?fsm must involve discriminatory information disclosure.

Remark 2. In Oorollary (b), without , the monotonicity of the cross hazard rate alone

may not be sufficient to quarantee the optimality of discriminatory information disclosure.

For instance, consider the modified density gy (c) = 0.5 + ¢ in Section @ In this case, one

can show that 15 violated. Moreover, % 18 strictly increasing, yet condition /H) holds. It

implies that the optimal mechanism does not require discriminatory disclosure, despite the

increasing cross hazard rate.

Corollary (1| (b) shows that under the monotonicity condition, the optimal persuasion
mechanism involves discriminatory information disclosure. Below, we provide more discus-

sions about the structure of the discriminatory persuasion mechanism.

Corollary 2. If the optimal persuasion mechanism requires information discrimination, then

it can be implemented by a menu of two experiments of the following structure.

(a) There exists cg, € C' such that the experiment designed for type L is the upper-censorship

experiment o(o.c;)-
(b) Type L is indifferent between the two experiments.

/
c
(¢) When gH—((; is increasing, the experiment designed for type H can be implemented by
grc
a lower-censorship experiment.
Remark 3. Under the conditions of Corollary |2 (c), the optimal discriminatory menu is
characterized by three unknowns (cp,cy, \), where (cp, cy) are two cutoffs and X is the mul-
tiplier on the low type’s incentive constraint:

E[w|w>cr ]
f (c— 1) (F(L)g () + Agu(c)) de = 0,

crL
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f T (e — &) (P (e) — Agi(e)) de = 0,

Elw|lw<cy]

and
1
f (U0.e1)(€) = Uter,1y(€)) g1.(c) de = 0.
0

Here, U, 1) denotes the payoff from the lower-censorship experiment with the cutoff cy. The
example in Section [5 uses a common cutoff for illustration. More generally, the corollary
above implies that the relevant search can be restricted to the two-cutoff class (cp,cy), and

the optimal cutoffs need not coincide.

Corollary [1] provides a clear test for the value of discrimination. We now turn to spe-
cific distributional shapes. The next corollary considers the case where both densities are

monotone.

Corollary 3 (Monotone densities). (a) If gy and g1 are both increasing or both decreas-

ing, and gy s concave, then the cross hazard rate is decreasing.

(b) If gy is increasing and convex, and gy, is strictly decreasing, then the cross hazard rate

15 strictly increasmg.m

The corollary above presents straightforward conditions when the densities are monotone.
However, the implication becomes less clear when the densities are not monotone. Below,

we present an illustrative example.

Example 2. Suppose that the state w € [0,1] is drawn based on the uniform distribution,
and the agent’s type t € {H, L} is drawn with equal probability. Consider two densities in the

beta distribution family:
gr(c) = A1 =)' and  gu(c) = A1 — )",

where 1 < a < B and X\ is such that these densities are well-defined. The two functions gr,
a—1 p b—1

a+ -2 a+p—2’

both g1, and gy are log-concave, and gy /gr satisfies the monotone likelihood ratio property.

and gy are single-peaked at respectively. It is easy to verify that

Moreover, under the following two groups of parameters, g is also log-concave.

'"The densities g7, and g in Section [3|fit into this class.
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o When a = 2.7 and B = 3.3, the cross hazard rate is decreasing. The optimal persuasion

mechanism can be implemented by one experiment.

o When o = 2 and B = 4, the peak of the cross hazard rate is reached at ¢ = 0.65.
In addition, s* = 0.27, Elwlw > s*] < 0.65, and the cross hazard rate is strictly
imcreasing on [O, Elw|lw > s*]] Therefore, the optimal persuasion mechanism needs to

imwvolve information discrimination.

5 Discussions

5.1 Welfare impact of information discrimination

A natural question arising from our analysis is how information discrimination affects the
agent; specifically, whether profitable information discrimination must reduce the agent’s wel-
fare. The answer is no. The local constructions underlying Proposition [1/imply two opposite
welfare regimes. Moving from a single experiment to a discriminatory persuasion mechanism,
information discrimination can be either purely exploitative or Pareto-improving.

To simplify the analysis, we assume below that the unconditional density g is strictly
log-concave. It guarantees that the optimal upper-censorship experiment (the optimal non-
discriminatory mechanism) is unique. As before, let o (g s+) denote this unique optimal single
experiment where the state is fully revealed for w < s* and pooled for w > s*. Denote the

cost-c agent’s payoff generated by o 4+) as U s*)-

Corollary 4 (Exploitative and Pareto-improving discriminatory menus).

1. If LHS of condition (@ is violated at some ¢y < s*, then there exists a strictly profitable

menu of experiments (o, o) that is purely exploitative.

(a) The principal strictly prefers (or,om) to the single experiment oo gx);

(b) UL(UL) < U(O,s*) and UH<O'H) < U(O,s*)-

2. If RHS of condition (E5]) is violated at some ¢y > s*, then there exists a strictly profitable

discriminatory persuasion mechanism (o, 0y) that is Pareto-improving.
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(a) The principal strictly prefers (or,0m) to the single experiment oo g+);

(b) UL(O'L) = U(078>x<) and UH(O'H) = U(O,s*)-

Proof. To prove the first statement, fix ¢; < s* at which LHS of condition is violated.

Recall that the principal can strictly increase her payoff by offering the following menu

(op,0m):

1. o7, is an upper-censorship experiment with a cutoff s* — e for some sufficiently small

€ > 0. Since s* — € < 5%, 0 +) dominates oy, by the Blackwell order.

2. oy is identical to (g ¢+ except that it pools a previously fully revealed interval [c;, ¢; +
d], where ¢; < s*.m Since it is a strict garbling of o(g ), 0(s+) dominates oy by the

Blackwell order.

For a fixed cost ¢, the agent’s utility from posterior mean m is max{m — ¢, 0}, which is
convex in m. Therefore, Blackwell dominance implies Uz (01,) < U+ and Ug(o5) < U g#).
To prove the second statement, fix ¢y > s* at which RHS of condition is violated.

The principal constructs the following strictly profitable menu (o, oy):

1. o7 is an upper-censorship experiment with a cutoff s* + € for some ¢ > 0. Since

s* + € > s*, or, dominates (g ) by the Blackwell order.

2. oy is identical to o .x) except that it reveals a previously pooled interval [cq,co + d]
with ¢, > s*. It is a refinement of the pooling region of (g ), and thus oy dominates

0(0,s+) by the Blackwell order.

Again, since max{m — ¢, 0} is convex in m, Blackwell dominance implies that the agent’s

payoff increases, resulting in a Pareto improvement. O

The economic intuition lies in the direction of the required informational distortion. In
the Pareto-improving case, the principal finds it profitable to extract more surplus from the

“hard-to-persuade” type (H). To do so, she offers them a more precise signal (revealing states

18 As discussed in Section 0 is chosen so that the menu is incentive compatible. We avoid repetitive

discussions, see the proof of Proposition [I| for details.
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above s*). To prevent the “easy-to-persuade” type (L) from mimicking type H and accessing
this valuable information, the principal also upgrades L’s experiment (increasing the cutoff
to s* + €). Consequently, the principal provides the market with more information, making
the agent better off. The principal’s gain comes from the efficiency gain of better matching
actions to states, not from expropriating the agent’s rent. Conversely, in the exploitative
case, the principal targets type L by degrading L’s information (decreasing the cutoff to
s* —€). To maintain incentive compatibility, she also reduces the information provided
to type H (pooling states below s*). Here, the principal extracts surplus by creating an
informational scarcity, which reduces the agent’s payoff.

The dichotomy speaks to digital privacy and data regulation. Policymakers often advo-
cate for strict privacy regulations under the premise that preventing discrimination protects
consumers. Our analysis shows that the effect of such a blanket ban is ambiguous. A re-
striction that rules out type-contingent experiments eliminates exploitative menus, but it
may also eliminate profitable menus that raise the agent’s welfare. Therefore, it is impor-
tant to distinguish between “exploitative” and “Pareto-improving” practices before imposing
uniform privacy restrictions. In practice, one possible regulatory tool is to require the plat-
form to offer a non-discriminatory outside option before cost realization, which rules out
exploitative screening.

Below, we provide a numerical illustration by revisiting the example in Section [3]

Remark 4. When condition (@ 15 violated, a profitable discriminatory persuasion mecha-
nism exists by Proposition[1 The principal gains a higher payoff, but the effect on the agent
is ambiguous. In Section [, every experiment gives the principal the same ex ante payoff of
0.5. In Figurell], full disclosure in panel (a) mazimizes the agent’s payoff:

LIU(C)-g(C)dc:JIMdC=

1
=~ 0.1667
. 2 6 !

whereas no disclosure in panel (b) minimizes it:

0.5 1
f (0.5 —¢) - g(c)de = 3= 0.125.
0

Fven when a discriminatory mechanism raises the principal’s payoff above 0.5, as in the

example of Section[3, the agent’s payoff under that mechanism necessarily lies between the two
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extremes delivered by full disclosure and no disclosure. For example, when the principal offers
a menu of two experiments: the one designed for type L is the upper-censorship experiment
with cutoff ¢ = 0.475, and the one designed for type H 1is the lower-censorship experiment

with the same cutoff. The agent’s ex ante payoff is

-(0.2468 + 0.0812) = 0.164.

3 | V@@ de+ 5 | Unengn(e) e 5

Thus, while discrimination benefits the principal, its effect on the agent’s payoff is unclear.

5.2 Type differentiation

Proposition [1] indicates that discrimination becomes attractive when the agent’s first-stage
type is informative about how his second-stage cost is distributed. In the following, we
provide a complementary perspective. We make the types more distinct by shifting type L’s
cost density leftward and type H’s rightward. It is shown that the optimal mechanism for
the original environment remains feasible in the new environment.

Consider the original environment (G, Gg) with densities (g, gn), and a new environ-
ment (G' 0, G g) with densities (g, gy). We say that the new environment exhibits greater
type differentiation if

gu(c)
gu(c)

gr(c)
gr(c)

is increasing in c and is decreasing in c.

Thus, type L’s cost density shifts leftward and type H’s shifts rightward. It implies that G,
first-order stochastically dominates G r, and G p first-order stochastically dominates Gg.
Let m be the optimal persuasion mechanism under (G, Gg). By Corollary , the ex-
periment for type L can be implemented as an upper-censorship experiment. Denote by
Ur(c), Un(c) the induced indirect utilities. The next result shows that greater type differen-

tiation enlarges the principal’s scope for screening.

Corollary 5. If (G, Gy) exhibits greater type differentiation than (Gr,Gy), then (Up, Uy)

also satisfies the stage-one incentive constraints under (GL, @H)

Proof. Let
D(c)=UL(c) — Ugl(c).
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As established in the proof of Proposition [1] the difference Uy, (c) — Ug(c) has the downward

single crossing property: There exists ¢ € C' such that
D(c) =0 fore<e, D(c) <0 forec=é.

Consider first the upward incentive compatibility constraint for type L. Since gr/gr is

increasing, the ratio g /gy, is decreasing. Hence,

A

gr(¢)
9.(¢) L D(¢)gw(c) de = 0.

LD@%@@zLD@Z%@@@)

The first inequality follows because the weight g1, /gy, is relatively larger where D is nonneg-
ative and relatively smaller where D is nonpositive. The second inequality is the original
upward incentive compatibility constraint.

Next, consider the downward incentive compatibility constraint for type H. Since gy /gy

is decreasing, the ratio gy /gy is increasing. Therefore,

. _ gu(c) g (¢)
JC D(c)gu(c)dc = JC D(c) gH(c)gH(c) de < (0 fo D(c)gu(c)de < 0.

Again, the last inequality is the original downward incentive compatibility constraint. As a

result, both incentive compatibility constraints remain satisfied in the new environment. [J

Corollary [5| implies that the optimal mechanism for the original problem, whether it is a
single experiment or a discriminatory mechanism, remains feasible when the types become
more separated. In other words, greater type separation improves the principal’s flexibility,
either by preserving an existing discriminatory design or by enabling a profitable one.

The results above treat the joint distribution of the first-stage type and second-stage
cost as primitive. In various applications, the principal may have some influence over the
timing, framing, or coarseness with which agents learn about their own environment. In the
following, we provide a comparative statics example that holds fixed the distribution of the

agent’s future cost and varies only how this distribution is split across first-stage types:
FL)GL+ f(H)Gy = G.

The value of every non-discriminatory experiment is unchanged, as a single experiment

depends only on g. Yet as the early type becomes a more predictive signal of the later cost,
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type-contingent disclosure may eventually become profitable. This exercise illustrates how

the scope for type-contingent experiments may change along the path.

Example 3. Let g be a positive, continuously differentiable, and log-concave unconditional
density with s* € (0,1), where s* is the optimal non-discriminatory upper-censorship cutoff
under g. Define m* = E|w | w > s*]. Suppose that G(s*) < f(L) < G(m™).

Let P,(H | ¢) be the posterior probability that an agent is type H conditional on cost c
for p = 0. We consider the splitting path

Py(H | )
log —>——— = pc + b,;
Py(L|c) g

b 1
that is, P,(H | c) = N ixifgfp—; f?) ik Here, b, € R is chosen so that Jo P,(H | ¢)g(c)dc =
p

f(H). By Bayes’s rule,

(1 - B,(H | ¢))g(e)
f(L)

Then f(L)g:7 + f(H)g%y = g for every p. As a result, the unconditional distribution of the

gy (c) = =, g7.(c) =

second-stage cost is fixed along the path.
The parameter p controls the informativeness of the first-stage type about the second-stage

cost in the monotone likelihood-ratio sense. In particular,

gu(c) _ f(L) PH|o) _ f(L)
Q) ~ F =P o~ ) P + bp)-

For every p > 0, the likelihood ratio g%,/g} is strictly increasing in ¢, and a larger p describes

stronger separation. Moreover, because g is log-concave, and
log P,(H | ¢) = pc + b, — log(1 + exp(pc + b,))

and

log(1 — P,(H | ¢)) = —log(1 + exp(pc +b,))

are concave in c, both g, and g7 are log-concave.

o When p = 0, the early type is independent of the later cost. It implies that the first-stage

type contains no information about the second-stage cost.
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o When p — 0,
0, c<a,
By(H | ¢) —
1, ¢c>a,

where a = G™Y(f(L)). The first-stage type becomes informative in the sense that low
costs are associated with type L, and high costs are associated with type H H

In Appendiz [A.8, we show that non-discrimination eventually fails; there exists p < oo
such that, for any p > p, the optimal persuasion mechanism involves information discrimina-

tion. The intuition is as follows. For any fized ¢y < s*, since high types place asymptotically

(9)'(c1)
g1.(c1)

time, the middle term in condition (@ converges to the strictly positive number

fL)  §aglo)de

J(H) §ou(c = s*)g(c) de

For sufficiently large p, the left-hand inequality in condition must be violated. By Propo-

negligible mass on low costs, the term converges to zero as p — 0. At the same

My, =

sition [1}, no single experiment is optimal.

This example suggests a possible incentive behind early segmentation. A platform that
can shape the timing or framing of users’ self-assessment may prefer an early signal that
is predictive of later adoption costs, even when the aggregate distribution of those costs is
unchanged. Such a signal does not directly reveal the user’s realized cost; rather, it creates
groups with different distributions of future costs. On the other hand, policies or technologies
that reduce early segmentation, such as privacy restrictions that limit elicitation of predictive
user characteristics, can reduce this source of discriminatory value. In the limiting case in

which the early type is independent of the later cost, a uniform experiment is without loss.

6 Concluding remarks

This paper studies a persuasion problem in which the agent gradually learns private in-

formation in two stages. We show that gradual information arrival can generate value for

YFor every finite p, the densities g7 and g% are positive and smooth on [0,1]. In the limit, costs below

G~Y(f(L)) are assigned to type L, while costs above it are assigned to type H.
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discrimination, in the sense that a menu of experiments may strictly increase the principal’s
payoff. Our necessary and sufficient condition characterizes when such discrimination is prof-
itable. The result suggests that when early-stage types predict meaningful heterogeneity in
agent’s private cost, information discrimination is profitable; otherwise, a single experiment
suffices. We also evaluate the welfare implications and discuss when information discrimi-
nation could be exploitative or Pareto-improving. Our results highlight that the timing of

private information creates scope for information discrimination.
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A Appendix

A.1 Binary states

In static Bayesian persuasion settings, Kolotilin et al.| (2017)) establish the result that every
implementable interim utility can be induced by some experiment. When the state space
is binary, they prove a stronger statement that every persuasion mechanism can be imple-
mented by an experiment. In this section, we present a variation of the classic prosecutor-
judge example adapted to a simple dynamic, binary-state environment (alternatively, a vari-
ation of the setup considered in the main text adapted to a binary-state environment). We
construct a persuasion mechanism that strictly outperforms any experiment for the prin-
cipal. This demonstrates a clear difference from the static case. In the dynamic setting,
neither the mechanism itself nor the interim utility it generates can be replicated using a
non-discriminatory experiment. The principal benefits from being able to informationally
discriminate among different agent types.

Consider a principal trying to persuade an agent to approve a proposal (a = 1) rather
than reject it (e = 0). The principal’s utility is state-independent. She receives payoff 1
if the proposal is approved and 0 otherwise. The underlying state of the world, w € {0, 1},
represents the quality of the proposal, where w = 1 signifies it is “good.” The receiver’s
utility is given by a(w — ¢); thus, the receiver wants to approve (a = 1) if and only if his

belief that the state is good exceeds his privately known cost threshold ¢ € [0,1]. The
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principal and agent share a common prior belief that the proposal is good: Pr(w = 1) = 0.3.

The key departure from the standard prosecutor-judge example is the agent’s private
information, which arrives in two stages. In stage one, the agent observes a type t € {L, H},
each occurring with probability 1/2. In stage two, the agent observes the realization of
his cost ¢ € [0,1], which is drawn from a density that depends on his type: gr(c) = 2 —
2¢ and gg(c) = 2¢. Note that the unconditional density of ¢ is uniform: g(c) = % gr(c) +
%QH(C) =1

Suppose that the principal can commit to a menu of experiments. She proposes the

following mechanism:

e [f the agent reports type L, he is directed to an experiment that generates two poste-

riors: 0 and 3/5, each with probability 1/2.

e If the agent reports type H, he is directed to a different experiment that generates
posteriors 3/20 and 1 with probabilities 14/17 and 3/17, respectively.

Given the principal’s preferred action is always approval, her value is the probability of
approval. The agent’s optimal strategy is to approve if his posterior belief about w = 1

exceeds his cost c¢. This leads to the following interim utility functions for the agent:

1/3 3 3 3

5(5—0), 05[075]7 — - ce [0, —],
U(c) = ; Uylc) = 130 320

0, ce (ga 1]; 1_7(1 —c), ce (%,1].

The mechanism is incentive compatible if neither type wishes to choose the experiment

intended for the other. This requires:
1
Ap = J (Ur(c) —Ug(c)) gr(c) de ~ 0.008 > 0,
0
1
Ay = J (Ur(c) = UL(c)) gu(c) de ~ 0.024 > 0.
0

The principal’s ex ante expected payoff under this discriminatory mechanism is

1 1% 1|14 (¥ 3 (!
Sl e—200de+ == | 2cde+ = | 2¢de| = 0.3075.
5 ZL ( ¢) c+2[17f0 c c+17fo cde
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If the principal were restricted to offering a single, non-discriminatory experiment, the
agent’s best response would depend only on the posterior belief and his cost ¢, not on his
type t. However, under the menu proposed above, the approval decisions of type L and H
receivers differ for cost levels ¢. This implies that the interim allocation rule induced by the
menu cannot be replicated by an experiment.

Furthermore, as can be shown via an argument similar to those in Section [3| the pay-
off achievable by the principal using any non-discriminatory experiment in this setting is
0.3. The discriminatory mechanism yields a strict improvement, as 0.3075 > 0.3. This
also demonstrates that the principal’s payoff from the optimal persuasion mechanism is not

implementable via any experiment.

A.2 Proof of Lemma 1

Kolotilin et al.| (2017, Theorem 1) establish the following result, which greatly simplifies ICy
in our setting.

For each t € T, the following three statements are equivalent:

1. Uy elU;

2. there exists w(t,-,-) satisfying ICy that gives cost-c agent expected payoff Uy(c);
3. there exists an experiment o that gives cost-c agent expected payoff Uy(c).

Given type t, for any persuasion mechanism satisfying 1Cs, the principal’s payoff extracted
from type-t agent can be equivalently written as
J f 7(t, ¢, w)p(w)g:(c) dwde = g;(0)E[w] + f Ui(c)g;(c) de.
ceC Juwe ceC
Based on the above results, for any 7 satisfying ICy and t € T', we can let U; € U denote
the indirect utility for type-t agent. Conversely, given U; € U, there exists a persuasion
mechanism 7 satisfying 1Cy. The principal’s ex ante payoff can be written as

Udd%@ﬁk+fﬁﬂf6}%®wﬂdda

g@Md+ﬂMJ

ceC

where the first term is a constant number.
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We only need to establish the equivalence between I'C; and the two inequality constraints
in Problem (I). Recall that IC} requires the agent to have no incentive to deviate starting
from stage one. In the IC5 condition , the type t affects a cost-c agent’s expected payoft
only through the 7 function; thus, ¢ can also be interpreted as a misreported type. Conse-
quently;, implies that even if the agent misreports in stage one, he will truthfully report

his cost and follow the recommendation in stage two. That is,

Ur(t,c,0,1]t,¢) = Uy(t,é,a0,a1 | t,c)
for any ¢, ¢, t,¢ ag,a;. As a result, a persuasion mechanism satisfying 1C, also satisfies IC}
if and only if the induced indirect utility functions Uy, Uy satisfy

Lc Uile) dGi(c) = f Us(c) dGy(c)

ceC
for all t,t e T.

A.3 Proof of Lemma

Since ¢’ satisfies DSCP, the solution of Problem (S) can be implemented by an upper-
censorship experiment; see|Kolotilin et al.| (2017)) and Kolotilin, Mylovanov and Zapechelnyuk
(2022). Fix an arbitrary upper-censorship experiment o(o,). The induced expected utility

for an agent with cost c is given as follows:

(

(Elw|lw > ¢] —¢)(1 — ®(c)), ce<]0,s];

Uio,5)(¢) = { (E[w|w > s] — ¢)(1 — ®(s)), ce (s,Elw|w > s]];

0, c€ (Elw|w > s],1].

\

The derivative of f U,5)(¢)g'(c) de with respect to s is
ceC

Elw|w>s]
o(s) f (c— 5)g'(c) de.

To identify the optimal s for maximizing J Un,5)(¢)g'(c) de, we discuss three cases.
ceC
E[w|w>s]
o Elwlw > s] < & since gb(s)f (¢ —8)g'(c)de = 0, it is (weakly) profitable to

S
increase s.
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Elw|w>s]
e s> §: since gb(s)J (c—s)g'(c)de <0, it is (weakly) profitable to decrease s.

s

El|w|w>s]

e s < 5§ < E[w|w > s]: we shall show that qb(s)f (¢ — 8)g'(c) de satisfies DSCP in

S
s within this range.

To establish DSCP, we consider s such that

Elw|w>s]
f (c—s)g'(c)de < 0.

S

Fix any s’ € C such that s’ > s and s’ < § < E[w|w > §']. We have

rE[w|w>s']
(e~ )g'(c) de
Js!
rs c— s Elw|w>s] c—
= (c—s)g'(c)de + f (c—s)d'(c)de
, c—s /T ; c— NI A
Js . — e 3 . s b
mcreasing i c mcreasing 1 ¢
r§ 5_ ¢ rElw|lw>s"] 4 s
< - c—5s)d(c)dec+ c—s)d'(c)de
JS,\S_S( )9(2 . Cs_S( )g(z
=0 <0
~3 54 rE[w|w>s] s—¢
< . c—5)d(c)dc+ c—3s)g'(c)de
JSS_S( )g'(c) . T, (c—s)d(c)
s—g E|w|w>s] )
= c—s)g'(c)dc
— | e
<0.

Elw|w>s]
Thus, J (¢ — s)g'(c) de satisfies DSCP in s. It implies that the smallest s* in
[0, §] with s* < § < E[w|w > s*] and
Elw|w>s*]
f (c—s")g'(c)dc <0

is optimal.

A.4 A technical result
g2(c)

Lemma 3. Consider two functions gi,g2 : C = [0,1] = R,. Suppose that © 18 strictly
g1(c

increasing in c. For any function w : C — R satisfying the DSCP,
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rl 1

1. whenever | w(c)gi(c)de < 0 (resp., < 0), it must be true that J w(c)ga(c)de < 0
Jo 0

(resp., < 0);
rl 1
2. whenever | w(c)ge(c)de = 0 (resp., > 0), it must be true that J w(c)gi(c)de = 0

Jo 0
(resp., > 0).

Proof. Fix any ¢ € C such that w(c) = 0 for all ¢ < ¢ and w(c) < 0 for all ¢ = ¢. Choose

a > 0 such that 0492(?) = 1. Then for all ¢ < ¢, agQ—(C) < 1; for all ¢ > ¢, agZ(C)
91(¢) 91(c) 91(c)
Hence,
1 1 rl QQ(C)
w(c)ga(c)de = — | w(c)gi(c)a=——=dc
| wermerae= 2 | wiop(0S
1 (° g2(c) 1 Jl g2(c)
=— | w(c)gi(c) de+ — | w(c)gi(c) a=—=dc
Oéjo %z—/< Ja1(c) g1(c) @ Je W—/( )91() g1(c)
=0 ~— <0 ~——
<1 >1
I 1 (!
< ajo w(c)gi(c)de + EL w(c)gi(c) de
1 (!
= — d
8 CIICEE

1 1
1

The fact that J w(c)gz(c)de < — J w(c)g1(c) de directly implies that the lemma holds.

0 a

A.5 Proof of Proposition

Before providing the proof of Proposition [I}, we first show the following lemma.

Lemma 4.

Proof. Recall the definitions in Section By Assumptions [I] and [2] it is immediate that

S1, < 8y. Suppose by way of contradiction that s7 > s7;. According to the definitions of s7;

and s} and the observation that $; < §y, we have the following ranking:

sy < 8} <8 < 8y < Elw|w > s3] < Elw|w > s7].

Define w(c) = Uge#)(c) — Ugsx,(c). Since sj is the smallest number in [0, ] such that

s; < 8 < Elw|w > s7] and f Ulo,s1)(c)gL(c) de is maximized, J w(e)gy(c)de > 0. By
ceC ceC
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integration by parts, we have

| @userae=~ | wiepi(eae <o

Note that w is a non-negative and single-peaked function satisfying w(0) = w(1) = 0. Hence,

w' satisfies the DSCP. Since g (c)
gr(c)

LC@U(C)QE(C) de = — LC W (g (©) de > 0

is strictly increasing, due to Lemma |3|

that is
J Wty =~ Vo) i) de > 0.
ce

It contradicts the optimality of sj;. Therefore, s7 < sj;.
The fact that s7 < s* < s}, can be established through the same logic based on the strict

monotonicity of 9L and 2L, ]
g 9

Part (a). Proof for the if direction.

Case I: s* > 0. Recall that in this case, holds.

Step 1. We first construct a candidate Lagrange multiplier A > 0.

Recall that s* and 8, s}, s}, 81, and §p are defined in Section 4.1} Define
for " e — s")gp () de
fo e = s)gule) de

A=—f(L)

We first show that A > 0.
By Lemma [4] s7 < s*, implying that E[w|w > s} ]| < E[w|w > s*].

o If s* > §;, then

E[w|w>s*]
| e-sme=o

s

as gy is non-positive for ¢ > §p.
o If s* < §;, then it must be the case that
s] < 8" < §p <Elw|w > s7] < Elw|w > s¥].
Following the same argument as in the third case of the proof of Lemma

Elw|w>s*]
f (¢ —s")gp(c)de < 0.

sk
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Hence, the right-hand side of is nonnegative, implying that A > 0.

Step 2. Given the above A, we need to show that among all candidates in U, U 4+) max-

/
imizes £;. Since lf(L)ngci + )\] gr(c) satisfies DSCP, the optimal U}, can be implemented
gr(c

by an upper-censorship experiment. It suffices to identify the optimal o) to maximize £;.

By (7).

f@[wws*](c s lf(L)g’L(C) n )\] gr(c)de = 0.

5% gr(c)

/

/
Because of the monotonicity of IL and the definition of A, [ f (L)gL () + )\] gr(c) is non-

gL g1(c)
negative when evaluated at ¢ < s*, and nonpositive when evaluated at ¢ > E[w|w > s*].

Repeating the argument in the third case of the proof of Lemma , for all s < s* (resp.

s> s%),

N AT
L (c—s) [f(L) (0 + )\] gr(c)de =0 (resp. <0).

Hence, the optimal Uy, to maximize £; can be implemented by o g s*).

Step 3. Given A, we shall show that among all candidates in U, U ¢+) maximizes Ls.
Towards this end, we first identify an upper bound of L, for Uy € U, and then show that
Un = U(o,s*) attains this upper bound.

Given A,

co= [ vuto) 1 3| gu(e)ac

- N fae e — st)gp(e)de N
—rm | (o ) e gy erae |
¥ (c)
rs* 1
1) | Unew(e)de + f(H)L Upt(0)¥(c) de
s 1 Elw|w>s*]
=1 | Untepwie)de — s [ | vatoq] w(e) de
rs* Elw|w>s*]
) | UH<c>\If<c>dc—f<H>[UH<1> [ v

-0
Ew|w>s*] 1 pE[w|w>s*]
— Un(sY) f v (o) dé—f J W(e) dé - Ul (o) dc]. (8)

sk
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Notice that

f J e ¢)deé- U (c)de

Elw|w>s*]

:_L*UH()dJ (¢ — ¢)W() dé

c

Elw|w>s*] Elw|w>s*]
=—Uy(1 )J (¢ = 1)W(¢)de + Uy(s™) J* (¢ —s*)W(¢)de
[w]w>s*]
J J ¢~ o)U(E)de- Ul (c) de
_ >0

<0 as we show below

[w]w>s*]
<U(s%) J (¢ — *)U(e) de.
The inequality follows from the observation that

[w]w>s*]
f (¢ — o) (e) de

Elw|w>s*] L Elw|w>s*] N (&) dé
[ e [g;{<e>+ T e —_CoNROE o ae
¢ Ss* S*)gL(C) dC
e - ogy@de | f(L) Si“‘“” — 5%)gp (@) de | [Elbm .
~ | (Bl A+ J(H) (7T _— J (¢ —c)gr(e)de,
e (¢ —c)gr(c)de )§5 — s*)g1,(¢)dé | Je

which equals 0 for ¢ = s* by , and is nonpositive for ¢ > s* by .

Thus,
(S)
s* Elw|w>s*]
<f(H)U Unle)  0(0) dc+UH(s*)f (e de
0 —~ Js* .
=0 for e<s¥ by >0 as sh:;vn below
[w]w>s*]
+ Uy (s¥) j (c—s")U(c) dc]
-0
s* . Elw|w>s*]
<f(H) f () U(c) de + T(s*) J W(e)de| .
0 s*
Elw|w>s*]
The second inequality follows from the observation above that f (¢ —c)¥(¢) dé takes

[w]w>s*]
the value 0 at ¢ = s* and is nonpositive when ¢ > s*. Thus, —J U(¢)de, its
s*
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derivative at ¢ = s*, is no greater than 0. As a result, we have established an upper bound
for £, among U.
Next, we shall show that Uy = U(g 4+ attains this upper bound of £,. When Uy = Ujg s+),

Ul (c) is the constant U (s*) on [s*, E[w|w > s*]], and is 0 on (E[w|w > s*],1]. As a result,

1 rE[w|w>s*] _, Elw|lw>s*] rE[w|w>s*]
f f U(8)dé - Ul (¢) de =T (s*) f f U(¢) dede

s* c
_, Elw|w>s*]
=U (S*)f (¢ —s")U(¢)de =0,
gk
where the second equality is derived by changing the order of integration. Hence,

* Elw|w>s*]

f T(c)¥(c)de + U(s¥) J

0 s%*

Ly = f(H)

U(c) dc] :

It implies that Uy = U s+) attains the above upper bound of L,.
Case II: s* = 0.
We follow the same argument as in Case I up to the point where an upper bound for £,

is established in Step 3.
Elw]

E[w]
B) <f(H) Un(0) f U(e)de + f(H) Uy (0) f (c— 0)T(c) de
~E[u] =41

—(H) f (Elw] - ¢)¥(c) de.

To show that Uy = U(g) attains this upper bound of £, notice that

T [f(H)‘Z’Z—((g - A] gu()de

—f(H) f Us ()0 (c) de

0

~FH) | (Bl] - (o) de

0

The second and third equalities follow from the definitions of W(c) and Ujgy. This completes
the proof for Case II.

Part (b). Proof for the only if direction.
The failure of means either the LHS inequality is violated for some ¢; < s*, or the
RHS inequality is violated for some ¢y > s* (or both). We first provide a roadmap of the

argument and then give the details.
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e Step 1: LHS violation. We lower the cutoff for type L to s* — e and modify type H’s
experiment by pooling a small interval around c;; the pooling interval is chosen so that

type L is indifferent.

e Step 2: RHS violation. We raise the cutoff for type L to s* + ¢ and add a revealing

interval for type H around cs, again keeping indifference for type L.

Importantly, we show that the principal’s payoff increases for sufficiently small € in both
cases. The upward incentive compatibility constraint holds due to the indifference for

type L.

e Step 3: The constructed menu in both cases above satisfies the upward IC constraint.
Thus, they are feasible persuasion mechanisms for Problem (II) and yield strictly higher
payoffs than that of the non-discriminatory persuasion mechanism. It means that the

optimal value of Problem (II) must be strictly higher.

We then prove a general result: the Uy, function of the optimal solution of Problem (II)
can be induced by an upper-censorship experiment, and the upward IC; constraint
must bind. These two properties further imply that the downward IC} constraint is
automatically satisfied. Consequently, any optimal solution of Problem (II) is also
feasible for the original Problem (I). Therefore, the optimal persuasion mechanism
to Problem (I) yields a strictly higher payoff than the optimal non-discriminatory
persuasion mechanism, implying that the optimal persuasion mechanism must involve

discrimination.

Step 1: Suppose that there is some ¢; < s* such that the LHS inequality in is

violated, or equivalently, W (c;) < 0, where

- gr(c). (9)

It is immediate that s* > 0.
As we describe in the text, let the new experiment designed for type L be oy _¢).

Construct a new experiment for type H as follows:
e fully revealing on [0, c1] U [c1 + d1(€), s¥];
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e pooling on (¢, ¢; + d1(€));
e pooling on (s*, 1].

The choice of d;(€) is such that

J U(O,s*—e) (C)gL(C) dc = J Uél(e) (C)gL<C) dC,
ceC ceC

(10)

where € > 0 is sufficiently small such that s* —e > 0 and ¢, + d1(¢) < s*. Here, Us,(¢(c)

refers to the expected utility cost-c agent receives from experiment designed for the H type.

The expression of Us, ()(c) is given as follows:

U51(€) (C) =

(Elw|lw = ¢] — ¢)(1 — ®(c)), ce|0,¢);

(Elw|lw = 1] — o)(1 — (1)), ce

(Elw|lw = ¢] — ¢)(1 — ®(c)), c € [e1 + d1(e), s¥);
(Elw|w = s*] —¢)(1 — ®(s™)), ce s Elw|lw = s*]);
0, c € [Elww = s*],1],

\

The principal’s payoff under the menu of experiments is equal to

G(O)E[w] + /(L) f

ceC ceC

The partial derivative of with respect to € is

Efofw>s*—]
—f(L)o(s* —€) f (c— 8" +€)gy(c)de.

s*—e
The partial derivative of with respect to d1(¢) is given by

c1+01 (6)

—f(H)¢(c1+61(€)) J (c1 4+ 01(€) — ) gy (c) de.

E|w|we(c1,c1+81(€))]
Applying the implicit function theorem to , we have
o(s* = ) " e = 5 + gule)de

/ o ¢
1(6) = 1461 (e .
¢(Cl +01 (6)) El[:|¢je((lhcl+5l(€))](cl + 01 (6) - C)gL(C) de
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e, Elwler Sw < ep + 51(6)]);

Use-o©h(€)de + F(H) | Usolelgiy(c)de

[
(Elwlw = ¢1 + 61(€)] — ¢)(1 — ®(c1 + b1(€))), c€ [Elwler Sw < ey + di(€)],e1 + di(e));

(11)



Putting the above three parts together, the derivative of with respect to €, evaluated at

e = 0, can be rewritten as ¢(s*) times

[wlw>s*]
) IR PACEE

c1+01(€) *
— f(H) Elolwe(erc40: (e (€1 + 01(€) = €)gz(c) delsy -0 JEMWS ](c— s")gr(c) de
c1+91 (e
El[:|ie(<3:1,cl+al<e>>] (e1 + 01(€) = )gr(c) dels, o o=
Elw|w>s*] / [w]w>s*]
- Ju\¢
s [ e e ) [ g0

>0,

where the equality follows from the L’Hospital Rule and the inequality follows from @
Step 2: Suppose that there is some ¢, > s* such that the RHS inequality in is
violated. It is clear that s* < 1. By the definition of ¥ in @D, it is equivalent to

[w]w>s*]
f (¢ —c2)¥(c)de > 0.
€2

Without loss, suppose that ¢y < 1.
As described in the text, let the new experiment designed for type L be o(g 41 and the
one for type H be

e fully revealing on [0, s*] U [c2, ca + 0a(€)];
e pooling on (s*, ) U (ca + da(€), 1].

Again, the choice of ds(€) is such that

| Vosso@aterae= | Usiglelanic)de (12

where e is sufficiently small such that s* + € < 1 and ¢, + d2(€) < 1. Here, Us, () (c) refers to
the expected utility cost-c agent receives from experiment designed for the H type.

Expression Us,(¢)(c) can take one of the following three forms specified below.
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L If X = Elw|w e [s*,¢2) U (c2 + b2(e), 1]] < ¢, then

1

(w— ¢)p(w) dw, ce|0,s);

-

N —

l(w—c)gzﬁ(w)dw, ces*, X);
S 85(6)
(w—c)p(w)dw, ce X, e);

%%

cgz+52(€)
(W=c)p(w)dw, c€[ca,ca+ da(e));

C

; c € [co + 02(€), 1].

e

\

2. If ¢ < X < ¢g + 0a(€), then

[ -, ce [0,
[ -t el e
Uaiole) = 1 [ (0= o)t - [ (- aow) o, cefeaX)
:ﬁmﬁw—QMMdm ce [X.c2 4 0(6)):
0. ¢ e fes + Ga(e), 1].
3. If X > ¢y + d2(€), then
[ aoas ce[0,5°)
- ot e celst,e)
Usio@ = [ - op)ao [(@-apiae, e lenes 0
E@hwwme—fﬁM?w—mmwmacem+%&wm;
o ) ce[X,1].

\

The partial derivative of the following expression

g@ﬂ@+ﬂmf

wmm©%©%+ﬂMJ Uno(@du(@)de,  (13)
ceC

ceC
with respect to € is

E[w|w>s*+€]

f@w6+aj (c— 5" — )ghe)de.

s*+e
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The partial derivative of with respect to dy(€) is given by
82+§2 (E)
FH)8( 4 6(e) [ (et Bale) = clgiyle)de

X

Applying the implicit function theorem to (12f), we have

6 - o(s* +€) S e — 5% — e)gu(c)de

d(cz + 62(e)) 53 (ea + Gale) — )gr(c) de

Putting the above three parts together, the derivative of with respect to €, evaluated at

e = 0, can be rewritten as ¢(s*) times

E[w|w>s*] SE["-"‘”>3*] (C _ CQ)Q}{(C) de (Elw|w>s*]
| sl det F(H) S | et
s* Se, (¢ —ca)gr(c)de Js

Therefore, by choosing sufficiently small €, in the above two steps, we have constructed
a discriminatory persuasion mechanism that is strictly more profitable than the optimal
non-discriminatory persuasion mechanism, and the upward IC} constraint is satisfied for
type L.

Step 3: As discussed in the proof sketch, we notice that the constructed menu in both
cases above are feasible persuasion mechanisms for Problem (II). In the following, we shall
show that any solution of Problem (II) is also feasible for the original Problem (I). The opti-
mal persuasion mechanism for Problem (I) therefore yields a strictly higher payoff than the
optimal non-discriminatory persuasion mechanism, implying that discrimination is necessary
for optimal persuasion.

We first prove the following lemma.

Lemma 5. For any (Ur,Uy) in U that satisfies the upward 1Cy constraint in Problem (II),

one can construct UL such that
1. Up = Uy for some c € [0,1];
2. the upward ICy constraint is satisfied at (UL, Un);

3. the principal gets a weakly higher payoff from (UL, Uy) than from (Ur,Ug).
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Proof. To construct Uy, we solve Problem (IIT) below.

max J UL(c)g;, () de
ceC

ULGZ/{
s.t. f UL(e)gr(c)de = f Ug(c)gr(c) de.
ceC ceC
Let ¢y, be such that Uv,e)(¢)gr(c)de = Un(c)gr(c) de.
ceC ceC

When ¢, < s7, let U be Ufo,s%)- It satisfies the upward IC; constraint as

f Vot (©g(c)de > f Utoen (€)1 (¢) de = j Usn(e)gu(c) de.
ceC ceC ceC

Because U(g qx) maximizes the objective function even without any constraint, it must be a
solution to Problem (III).
When ¢, > s = 0, let Uy, be Uo,e,)- To see that U, ) is optimal, define

Blw|w>cL] /
S (¢ —cr)gr(e)de
S]E[w|w>cL] (C

crL

A= —

—cr)gr(c)de
which is nonnegative. It is clear that the coefficient of U, in the Lagrangian of Problem
/
(III), I | A, exhibits DSCP. As a result, the experiment that implements the optimal Uj,
gL

involves the upper-censorship experiment. Repeating the argument in Step 2 of Part (a), we

can show that Uy, = U(o,c,) is a solution to Problem (III). O

Next, we shall show that the upward IC; constraint must bind in the solution of Problem
(IT). To see this, assume that the upward IC} constraint is slack. Then U, = Ufo,s#) and
Un = U+ constitute one optimal solution. By Lemma , s7 < sj;. When this inequality
is binding, the upward IC' constraint is binding. When this inequality is strict, the upward
1C constraint is violated. In either case, it leads to a contradiction. As a result, the upward
ICy constraint must bind in the solution of Problem (II).

Finally, it suffices to show that the binding upward IC} constraint in Problem (IT) implies
the downward IC constraint in Problem (I); that is,

£€C Uv,c)(¢)gr(c) de < £€C U (¢)gu(c) de.

Towards this end, we shall show that the function Uy, ) — Uy satisfies DSCP. Suppose that

there exist s; < sy such that
U(07CL)(81) < UH(S1), U(O,CL)(SQ) > UH(SQ).
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By the definition of Uy, ), cr < 51 < 52 < E[w|w > ¢;] and

Uo.er)(cr) = Un(er). (14)
Then we have
UH(CL) + U}[(51>(51 — CL) >UH(81)

>U(076L) (Sl)

=Uo,er)(cr) + Ul ey (51)(51 = cr). (15)

The first inequality holds as Uy is convex. The equality holds as U, is linear between cp,

and E[w|w > cr]. Expressions (14) and (15) imply that Uy (s1) > Uy, (s1). Then we have

UH(SQ) = UH<51> + U}I(Sl)(SQ — 81) > U(O,CL)(SI) + U(,07CL)<81)(82 - 81) = U(O,cL)(52>‘

This is a contradiction. Thus, U, — Uy satisfies DSCP. The downward IC} constraint

then follows from Lemma B

A.6 Proof of Corollaries [I] and [2
Proof of Corollary[ll Part (a).

o If s* =0, then (j5) equivalently requires that for all co > s*,

W) S e = gy de 57 e — ea)gla(e) de
F(H) SISEﬂEw\w>s*](C — %) g(c)de = SE[w|w>S*]<C — ¢2)gr(c) dC.

Cc2

The fact s* = 0 implies that

F(L) 2 e =gy () de o e — Mgy de
J(H) S]E[w‘w”*](c —s*)gr(c)de (. (c—s*)gr(c)de

sk

As a result, it suffices to show that

Pl syghi(e)de  §07 (e — ) gly () de
= e —s)gr(e)de ST e — ep)gp(e) de

which is part of @

e If s* > 0, then is equivalent to @
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Therefore, in both cases, it suffices to show that @ holds.

" (c

Assume that In (< >) is decreasing in ¢ € C'. Obviously, the first inequality in @) holds;
gr(c

that is, for any ¢; < s¥,

E|w|w>s* «
gu(cr) _ S e = s) g () de

g(cr) ~ Sgw|w>s*](c — s¥)gr(c)de

To show that the second inequality in @ holds, it is equivalent to showing that

E[w|w>s*]
J (c—e)W(c)de <0 Veg € (5%, 1],

Cc2

where
Elw|w>s*] / ~ €\ 1 =\ 1~
e [ (¢ — 5%) g4 () dé
W(e) L ghy(e) — 2 gr(c). (17)
foleloms (@~ 5%) g, (@) i

By definition of W,
Elw|w>s*]
J (c—s")¥(c)de = 0.

gk

/
9ir(€) is decreasing, ¥(c)
g.(c) gr(c)

implies that ¥ must satisfy the DSCP. Let ¢ be one crossing point of ¥ identified similarly

is decreasing in ¢ € C. It further

Also, by the assumption that

as in . Then it must be the case that s* < ¢.
For ¢y € (s*,¢],

rE[w|w>s*]

(c —co)¥(c)de
Jea
~é . E|w|w>s*] o
— | (c—s) 2 g dc+f (c—s%)- S22 W(e) de
Jey C— 8% — =~ P C— 8% — =
=0 <0
ré é—cy Elw|w>s*] é—cy
< —s* U(c)d —s* U(c)d
(c—s%) Py () c—I—L (c—s%) e (c)de
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For ¢; € (¢, E[w|w > s*]], it is obvious that

E|w|w>s*]
J (c— ) W(e) de <0,
c2 e e

=0 <0

For ¢; € (E[w|w > s*],1], notice that the lower limit of the integration below is higher

than the upper limit, and thus

——
<0

Cc2

E[w|w>s*]
J (c—c3) ¥(c) de <0.
—
<

0
As a result, the second inequality of @ also holds.
In sum, @ holds, and the optimal persuasion mechanism can be implemented by a single

experiment.

/
Part (b). Suppose that 1} holds and 22 <(C)) is strictly increasing in c € C.
gr(c
If s* > 0, then for all ¢; < s¥,

Elw|w>s*] Elw|w>s*]

guler) _ S (c=s)gu(c)de @ f(L) S (c —s%)g(c) de
grlcr) Sgw|w>s*](0 — s*)gr(c)de f(H) Sgw|w>s*](c — s*)gr(c)de

Namely, the first inequality in (5] is violated.
v(e)

gr(c)’
equivalently in given (4)), is strictly increasing in ¢ € C. It is negative when ¢ = 0, and

Next, consider the case s* = 0. It is clear that where W is defined in and

positive when ¢ > E[w]. Hence, there exists a unique point ¢ € (0, E[w]) such that ¥(¢) = 0,
U(c) <0 for ¢ < ¢ and ¥(c) > 0 for ¢ > ¢. It must be the case that s* < ¢ < E[w|w > s*].
For ¢y € (s¥, ¢], repeating the argument in Part (a), one shows that
Efwlw>s*]
f (¢ —c2)¥(c)de > 0.
o
This inequality along with @D implies that the second inequality in (5] is violated for c,.

In sum, the optimum must involve a discriminatory persuasion mechanism. O

Proof of Corollary[4 In Appendix[A.5] we have shown that there exists ¢;, € C' such that the
experiment designed for L type is the upper-censorship experiment o), and the L-type

agent is indifferent between the two experiments.

/ /
Since 911() is increasing, f(H) 911() — A in £, from Appendix [A.5| satisfies USCP. It
gr(c) gr(c)
implies that the solution of £, can be chosen to be a lower-censorship experiment. O
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A.7 Multiple types

In the following, we extend the analysis to the general setting where the agent has more than
two private types at the first stage.

Let T = {t1,ts,...,tx} with K > 2. For 1 < k < K, we slightly abuse notation by letting
f(k) denote the probability that type tj is realized, and Gy(-) and gi(-) be the distribution
and density of cost ¢ conditional on type t;. For each k, the density g, is positive and

continuously differentiable. We restate Assumptions [I] and [2] as follows.

Assumption 1°. For 1 <k < K, gx(c) and g(c) are log-concave in c.
Jr+1(c)
gr(c)
To solve the original problem (i.e., Problem (0O)), following Lemma [} it is equivalent to

Assumption 2’. For1 < k < K — 1, the likelihood ratio 18 strictly increasing in c.

studying the following Problem (M):

max > f(k) LC Uy(c)gi(c) de

s.t. J Ur(c)gr(c)de = f Uk (¢)gr(c) de, Vk, K e {1,..,K}.
ceC ceC

For each k € {1,..., K}, let s; be the candidate cutoff for an upper-censorship experiment:

Elw|w>s]

sy Emin{se [0, 8] : s < 8 < Elw|w > s], J

(c = s)gi(c)de < 0} ,
where §; is defined in the same way as § in (2) with ¢’ replaced by g;. That is, s} is defined
via under the density g, and Ulo,s#) maximizes the surplus extracted from a type-tj
agent:

maxf . U(c)gp(c) de. (18)

UeUd

Analogously, s* is defined via (3) under the unconditional density g.

The lemma below generalizes Lemma . It proves that {s}} follows the increasing order-
ing, indicating that higher types (with stochastically higher costs via MLRP) are associated
with higher cutoffs in the optimal upper-censorship experiments if types are known to the

principal.

Lemma 6. There is some k* € {1, ..., K} such that

§T <. < Spw < 8T < Spayq < ... < Sk
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Proof. In the hypothetical situation that the agent’s type t € T is publicly observable, the
principal’s problem is

maxf 3 Ui(e)g,(c) de. (19)

Uield ) o

Recall that by replacing the density g with g; in (2]), we can define a crossing point of g; as

S¢. Similarly, by replacing the density g with g; in , we can define an optimal cutoff of
problem as s;; namely, 0(0,s*) is an experiment that implements the solution of .

By Assumptions 1] and [2] it is immediate that §; < 82 < ... < §g. Choose any

1 <i<j< K. The proof then follows the same argument as that in the proof of Lemma [4]

by replacing ¢ and 7 with L and H. O]

Consider a relaxed variant of Problem (M) where only the upward incentive compatibility
constraints across k* are imposed; namely, we only impose all IC(ty, ti), where k < k* < k.
If we can show that {Uj = U(o,s*)} ke{1,...k} solves this relaxed problem, then it obviously also
solves Problem (M) as the omitted constraints are trivially satisfied.

As in Problem (II), the Lagrangian of this relaxed problem is
SN IRCACYACE D S W I AT ) PACE
=1,.K ceC

k<k® k' >k* ceC
= > Ly
k=1,...K

where

[ o]

Ek/ J Uk/ [ gk,/ Z )\k k’gk ] dC, VE' > k*.
k<k*

k'>k*

Z e G (€ ] Yk < k¥,

Following Remark [T, one needs to identify a class of appropriate Lagrange multipliers
{\ew} so that Ug g+ maximizes all £, and L. Lemma 7| below establishes the candidate

Lagrange multipliers.

Lemma 7. There are nonnegative {\g s }p<i* p>k+ satisfying the following conditions.
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1. When s* =0,

[w|w>s*]
J (c = %) | f(K)gy(c) + Z /\k;,k;fgk(c)] de<0, VEk<Fk, (20)
e k'>k*

[w]w>s*]
J (C — S*) gk, Z )\k k’gk O VE > k*. (21)
s* k<k*

2. When s* € (0,1), both (20) and are binding.

3. When s* =1,
+ 2 Ak,k’gk<1) = 0, Yk < k’*, (22)
K>k
K)gro(1) = D Mewgn(1) =0, VK > k. (23)
fe<k*

gk’( ) k! >k*

/
For k < k*, f (k)gk( + Z A 1s decreasing by Assumptlon Following the argument
in Lemma , Uo,s+) maximizes L. For k' > k*, denote

Wy (c) = f(K)gh(c Z Akt i€

k<k*

/
The monotonicity of f( k’ (<) Z Ak k/ (<) is unclear, as both 9ir(€) and gk_(c)|k<k*
gk’ c) K<k g (c) gr(c) 9w (c)

are decreasing.
In the following proposition, we extend Proposition[I]to the setting with more than binary
first-stage types. In particular, we provide a sufficient condition for the optimal persuasion

mechanism to be non-discriminatory; namely, Uy ¢+ maximizes all £;, where k € {1,..., K }ﬂ

Proposition 2. The optimal persuasion mechanism can be implemented by an experiment

{Ui = Uo,5%) bref,... iy if for any k' > k*, ¢y < s, and ¢ > s*,

0.

N

[w]w>s*]
Uy (er) =0 and J (¢ — )V (c)de
Cc2
Before proving Proposition [2, we first provide the proof for Lemma [7]

Proof of Lemma[7. We divide the proof into three cases.

20Sufficient conditions for profitable information discrimination can be derived along similar lines as those
in Sections and by “merging” multiple high types into one and treating it as type H in the two-type

setup.
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Case I: s* € (0,1).
For each k < k¥, define a k* x (K — k*) matrix:

0 e 0
0 e 0
L Elw|w>s*] E[w|w>s*]
B" = f (¢ — s")gr(c)de .. f (¢ —s")gr(c)de | <« k-th row ,
0 e 0
0 . 0

and a (K — k*) x (K — k*) matrix:
Elw|w>s*]
¢ [ el e

g*

where I is the (K — k%) x (K — k*) identity matrix. Construct a K x k*(K — k*) matrix

A

Next, define a K-dimensional vector

s%¥

- Bluwofwss¥] .
1) j (c— 5")di(¢) de

Elw]w>s*]
b= | ) [ (e ko) de

s¥

Efwlw>s*]
) [ el ac

s* .

We shall show that for any K-dimensional vector y such that ATy > 0, it must be true

that b” -y > 0. Assuming that ATy > 0, it is equivalent to

\%

Elw|w>s*] Elw|w>s*]
U f (¢ = 5%)gr(c)de —yp J (c—s")gr(c)dec =0

s* s*

for all k < k* and k' > k™, which implies that 1, = y.
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Define y = max yj. We have that
/>

b’ - y
Elw|w>s*]
— X wW [ (e sl de
ke{l,....K} 8%
Elw|w>s*] Elw|w>s*]
D I () IR A L Y ((2] IR R ACE
kék*é’y-/ Js* -~ k>kx Js* - _
<0 >0
Elw|w>s*] E[w|w>s*]
S Y[ e sg@des R [ (e sgile)de
k<k* s* E>k* s*
Elw|w>s*]
—og N W[ (e sl ac
ke{l,...K} s*

By Farkas’ lemma, there exists a nonnegative vector A such that A - A = b. Denote it as
AT = (Mt ALY s Moo e oo N (k%) - s A 1y Al (K t) ) -

The elements in the vector A are the Lagrange multipliers { A, i }r<ps pr>p -

Case II: s* = 0.
In this case,

Elw|w>s*]

Z f(k)f (c —5%)g,(c)dec < 0.

Repeating the argument in Case I, if ATy > 0 for a nonnegative K-dimensional vector

y, then y, > yp for any k < k* < k’. Suppose y = 0 and ATy > 0. Let § = ax . Then
/>

(b)" -y
E[w|w>s*] Elw|w>s*]
=X W e @de Y e S [ (e sgile)de
k<k* \:/_—J \S* _ k>k* < \s* _
2Y g Y ~
<0 >0
Elw|w>s*] ) Elw|w>s*] ,
/L] RS A C R Y710 I VTR
k<k* s* k> k¥ 5%
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= 0.

By Farkas’ Lemma, there exists a nonnegative vector A such that A - A < b. It implies

and ([21)).

Case III: s* = 1.
By the discussion in Section when s* = 1, it must be the case that

which implies that Z f(k)gp(1) = 0. Similarly, for each &' > k*, ¢,.,(1) = 0, and for

each k < k* such that s} <1, g;(1) < 0.
We shall modify A and b as follows:

0 0
0 0
B" = ge(1) ... ge(1)| <« k-th row , Cr = —gi(1) T,
0 0
L O 0 -
| —(1)gi(1)
B' ... B" .
A= o o b = —f(k?gk(l)
| —f(K)gk (1)

We need to show that for any K-dimensional column vector y = 0 such that A” -y < 0,

b’ -y < 0. Repeating the argument in Cases I and II, when A” -y < 0, 0 < 4, < yp for all
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k< k* <k Define y = Ignkn* Yr. Then we have
>

by == > uf(k)g(1)

ke{l,...,K}
= — k) g.(1) — k) g.(1

ké* e (k) gk(o) k; Y i )gk(o)

<y < = >

<= > ufR)g) = Y 9f(k)gi(1)

k<k* k>k*

Z f )9k (1
>0 kef{1,...,

By Farkas’ Lemma, there exists a nonnegative vector A such that A - A > b. That is,

+ 0 Aewg(1) = 0,Vk < k¥,

k! >k*

k?/ gk, Z )\k k’gkz O,Vk’, > k*.

k<k*

Now we are ready to prove Proposition [2]

Proof of Proposition[4 We divide the proof into three cases; namely, s* € (0,1), s* = 1, and
s*=0.

Case I: s* € (0,1). For each k < k*, by Assumption [I]

is decreasing, implying that it satisfies DSCP. By in Lemma (7| and the argument in
Lemma , Uo,s+) € U maximizes Ly, for k < k*.

To prove the result for ¥’ > k*  we shall modify the argument in Part (a) of the proof
of Proposition [1} Specifically, we first identify an upper bound of £y for Uy € U. Then we
show that Uy = U(g ) attains this upper bound.
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We have that
ﬁk/ = J Uk/(c)\Ifk/(C) de
ceC

:f* Up (¢) W (c) dc—l— 1 Uk’ (c)¥r(c)de

0
s* Elw|w>s*]
= J Uk’ \I/k/ Uk’ \Ifk/(é) de
0
s* Elw|w>s*]
- J U () (c { U (1) J Wy (6) de
0 W 1
[w|w>s*] 1 rE[w|w>s*]

Notice that

1 rE[w|w>s*]
J J Uy (6) dé - UL (c) de
[w]w>s*]
J Uk" J (A - C)\Ilk/(é) dé

Elw|w>s*] L ) E|w|w>s*] R o
=—U,(1 )J (¢ —1)Wp(c) dc—i—Uk/(s*)J (¢ — s*)Up(é)de
[w|w>s*]
J f )W (&) dé- Ulh(c) de
/
=0
<0 by the assumption
E[w|w>s*]
<U,’€,(8*)J (¢ —s")Up(c)de
=0.
Thus,
s* Elw|w>s*]
" < ( Uk/(C) \I/k/(c) dec + Uk/(8*> f \Ifk/<0) de
JOo ~—— s*
>0 by the assumption ~ ~ ~
>0 as shown below
s* . [w]w>s*]
< ( U(c)Wp(c)de+ U(s¥) J Uy (c)de.
JO s*
Elw|w>s*]
The second inequality follows from the observation that f (¢ — )W (¢) dé takes the

[w]w>s*]
value 0 at ¢ = s* and is nonpositive when ¢ > s*. Thus, —J U, (¢) dé, its derivative
s*

at ¢ = s¥, is no greater than 0. To this end, we have established an upper bound of L;.
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Next, we show that Uy = U s+ attains this upper bound. When Uy = U ¢+), Uy (c) is
constant U (s*) on [s*, E[w|w > s*]], and equals 0 on (E[w|w > s*],1]. As a result,
1 rE[w|w>s*] _, Elw|lw>s*] rE[w|w>s*]
f f U (¢)dé - U (c)de =U (3*)J f Uy (¢) déde

Elw|w>s*]
=U (s¥) J (c—s")Wp(c)de

~
=0 by binding from Lemma [7 Part 2

where the second equality is derived by changing the order of integration. Hence,

* Elw|w>s*]

Ly = J C U)W (c) de + T(s*) J Ty (c) de.

0 s*

Therefore, Uy = Ug,s+) maximizes Ly .

Case II: s* = 0. We follow the argument of Case I till establishing an upper bound of L;/:

E[w] E[w]
J Uy () de + U;,(0) f (¢ —=0)Wp(c)de
0 ~——

~—— 0

] =1

< Uk (0)
=E[w

E[w]
_ f (E[w] — )T (c) de.

0
To see that Uy = Ug) attains the above upper bound, notice
E[w]
f Uo,0)(¢)¥p(c)dc = f (E[w] — ¢)¥w(c) de.
ceC

0

This completes the proof for Case II.

Case III: s* = 1. For each k < k*, by Assumption

is decreasing. By , we know that

f(F)gi(c) + Z Mewgr(c) =0, VeeC.
k' >k*

As a result, U s+—1) maximizes Ly for k < k™.

For k' > k*, by assumption, ¥y (c) = 0 for any ¢ < s*. Thus, U(g s+_1) maximizes Ly. O
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A.8 Proof of the claim in Example

First fix p > 0. The map

1

b

b'_’f exp(pc + b) o(c) de
o 1+ exp(pc+b)

is continuous and strictly increasing in b, with limits 0 and 1 as b — —oo0 and b — 400,
1

respectively. Since f(H) € (0, 1), there is a unique b, such that J P,(H | c)g(c)de = f(H).
0
By construction,

F(L)gr(e) + f(H)gp(c) = (1= Fy(H | ¢))g(c) + B,(H | ¢)g(c) = g(c).

The unconditional cost density is fixed along the path.
We have discussed the monotone likelihood ratio property and log-concavity in the ex-

ample. It remains to prove that the information discrimination happens when p is large. For

b 1
p >0, define a, = ——=. Then P,(H | ¢) = . We claim that
p

1+ exp[—p(c—a,)]
4y — a = GT(F(L).

First, note that the sequence {a,} is bounded for large p. Indeed, if a, > 1 +n for n > 0
along some subsequence, then

1
1+ exp[—p(c—a,

P,(H | c) = i < exp[—p(a, — ¢)] < exp(—pn)

uniformly in ¢ € [0, 1], so
1
| a1 9gterde—o,

0
1

contradicting the fact that J P,(H | ¢)g(c)dc = f(H) > 0. Similarly, if a, < —n for n > 0
along some subsequence, the(il P,(H | ¢) — 1 uniformly on [0, 1], contradicting f(H) < 1.
Hence, {a,} is bounded for large p.

Now take any sequence p, — o0 and any convergent subsequence, say {a,,} itself, such

that a,, — b for some parameter b. As

1
P, (H|c)= ’
on(H | €) 1+ exp[—pn(c —a,,)]
for every ¢ # b,
0, c < ba
P, (H|c)—
1, c¢>b.
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By dominated convergence,

1 1

f(H)=1lm | P, (H|c)g(c)dc= J g(c)de =1—G(b).

As aresult, b = G7'(f(L)) = a. Thus, every convergent subsequence of {a,} has the same
limit a, implying that a, — a. Consequently,

0, c<a,
Bp(H | ¢) —

1, ¢c>a.
Because the unconditional density ¢ is fixed, the non-discriminatory cutoff s* and the
pooled posterior mean m* are fixed along the path. For the environment indexed by p, define

the middle term in condition (5)) of Proposition (1| by

) S e =5
g f(H) S:}k*(c—s*)g

We shall show that M, converges to a strictly positive number.

() de
(c)de

=~

[

First,

*

m * 'DC C:L " C—S* _ : ) de
L (c=s%)glc)d f<L>L< )1 — Po(H | ¢))g(c) de.

Since s* < a < m*, by the dominated convergence,

*

m *\ P 1 “ #
L* (c—s")g}(c)dc — mﬁ*(c— s*)g(c)dc > 0.

Next, by the integration by parts,

| ey de = o = sghim) ~ | gi(e)de
Since m* > a, g7 (m*) — 0. Also,

m* ) 1 a

L* g7 (c)de — 70 L* g(c)de.

Therefore,

m* . o 1 a
L* (c—s")(g7) (c) dc — _WJ g(c)de < 0.

Combining the convergence above, we obtain




Choose any ¢ € (0,s). Since s* < a, we have ¢; < a. Following from

_ B,(H [ c)g() ooy = L= B(H [ ))g(c)
g (c) = F(H) ) g1.(c) F(L) )

and

Fy(c) = pP,(H | ¢)(1 = F,(H | c)),

we have

CACIN L. BlH]0) gl
- Je |emria+ ik

grlc)  f(H) 1= Py(H | ) g(c)

Since ¢; < a and a, — a, there exists A > 0 such that a, — c¢; > A for all sufficiently

large p. Hence
1

P = < —pA).
P(cl) 1+6Xp[p(ap—c1)] eXp( P )
implying that
P,(c
R
P

Since ¢'(c1)/g(c1) is finite, we have
W)
HI ).
gr(c1)
This violates the left-hand inequality in condition of Proposition (1| for all sufficiently
large p. Because a single experiment is always feasible, this means that a discriminatory

menu strictly improves on the best non-discriminatory experiment.
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