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Abstract

This paper studies a Bayesian persuasion problem where the agent receives private infor-

mation over time. The principal designs a persuasion mechanism to induce the agent to take a

costly action. We show that when the agent’s information arrives gradually, the principal may

benefit from offering a menu of experiments that discriminates based on the agent’s early-stage

signal. The later-stage information, though more precise, has no screening value. This finding

is in contrast to previous studies with static private information, which show that a single

non-discriminatory experiment is optimal. We characterize a necessary and sufficient condition

under which the optimal mechanism is non-discriminatory. When this condition fails, a dis-

criminatory menu strictly outperforms any single experiment. Simple sufficient conditions are

provided based on the cross-hazard rate of type-specific cost distributions. Furthermore, we

evaluate the welfare implications and show that information discrimination can be either purely

exploitative or Pareto-improving. Our results highlight that the timing of private information

creates scope for information discrimination.
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1 Introduction

Platforms often have strong incentives to learn about their users: better information enables

better targeting, and better targeting increases the likelihood of persuading users to take

actions that benefit the platform. Yet much of the information platforms would like to use

is private to the user. Moreover, even if such information can be collected, regulatory limits

often prevent platforms from accessing or using it directly. Instead, a platform must rely

on the information it discloses about product features or performance to induce users to

voluntarily reveal their private information. The design of disclosure therefore serves both

to elicit the user’s hidden characteristics and to persuade the user to take the targeted action.

For example, a software-as-a-service (SaaS) platform like Asana or Salesforce may launch

a premium tier and seek to persuade an IT manager to upgrade. The manager initially

knows something about the organization’s internal dynamics: some teams adopt new tools

easily while others are change-averse or require significant training. The platform controls

what information to disclose about the premium features, such as how well they integrate

with existing workflows. The manager gradually discovers the actual implementation cost

of getting the team on board. Instead of showing the same information to everyone, the

platform can design distinct onboarding paths that reveal different levels of detail.1 A

manager who expects low implementation costs chooses the guided path, while a manager

with a change-averse team chooses the advanced path because he needs detailed information

to justify the upgrade. Through their choices, managers reveal their private types, and the

platform delivers information tailored to that type.2

The same logic appears in other settings. In financial services, robo-advisors like Wealth-

front and Betterment decide how much technical detail to reveal to clients who differ in risk

1For example, Asana offers “guided setup” and “advanced configuration”; Salesforce provides “quick

start” and “custom implementation” options.
2As reported by Reforge (2023), the platform Airtable conducted an onboarding experiment comparing

a guided tutorial with a passive tooltip-based approach. The guided tutorial increased the rate at which

users created their first workflow by 15%, yet it also led to a 5% drop in the completion rate. This trade-off

illustrates that a more intensive information experience can be effective for some users while discouraging

others. Such heterogeneity in user responses to information demonstrates that a platform could benefit from

offering tailored disclosure options rather than a uniform policy.
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tolerance. They rely on voluntary client questionnaires to infer these characteristics before

providing advice. Online platforms like Pinterest or TikTok ask users to consent to data col-

lection for personalized recommendations. Those who opt in receive more relevant content,

which can in turn encourage purchases.

These examples suggest that platforms can achieve higher payoffs by offering different

information to different types, which we call discriminatory persuasion. On the other hand,

the existing literature on Bayesian persuasion often shows that a simple persuasion mech-

anism with the same experiment for every agent suffices. Kolotilin et al. (2017) show that

every incentive compatible mechanism can be implemented by a single experiment, when

the state and the agent’s private information are independent. Guo and Shmaya (2019)

prove that a non-discriminatory persuasion mechanism is optimal even when correlation is

allowed. These results imply that personalized information design offers no extra benefit.

However, the examples above share a feature that the static persuasion literature abstracts

from: the agent’s private information arrives gradually. For instance, in the SaaS example,

the manager first possesses a coarse signal about his organization’s internal dynamics and

only later learns the actual implementation cost.

In this paper, we consider a setting with sequential private information. The principal

(she) wants to persuade the agent (he) to accept a proposal. She commits to a disclosure

rule about the proposal’s quality (the state). In the first stage, the agent observes a coarse

signal (his type) that predicts his later cost of acceptance. In the second stage, the cost is

realized. A higher type makes higher costs more likely. The principal benefits whenever the

agent accepts, while the agent benefits only if the state is high enough to cover his private

cost. The principal can commit to a persuasion mechanism that elicits both the agent’s

first-stage type and second-stage cost. The mechanism may be non-discriminatory (i.e., can

be implemented by a single experiment regardless of the agent’s report) or discriminatory

(i.e., can only be implemented by a menu of experiments contingent on the reported type

and cost).

We aim to characterize when a discriminatory persuasion mechanism is optimal, and

when a non-discriminatory one suffices. Proposition 1, under our distributional assumptions,

provides a necessary and sufficient condition. The condition is related to what we call the
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cross hazard rate, the ratio of the derivative of the high type’s cost density to the low type’s

cost density itself. This ratio captures how the type-specific cost distributions compare.

For a single experiment to be optimal, this ratio (or more rigorously, a certain averaged

version of it) cannot be too low over the lower range of costs, nor can it be too high over the

upper range of costs. Otherwise, the principal may benefit from marginally adjusting the

benchmark experiment, so that in the experiment designed for high type, the set of states at

which the mechanism fully discloses is an increasing image of the corresponding set in the

experiment designed for the low type.

To offer a profitable menu of experiments to different types, the principal must ensure that

the marginal gain from offering the two types different experiments outweighs the marginal

information rents needed to prevent types from mimicking each other. Intuitively, when

types are more separated, they value marginal changes in information more differently, mak-

ing marginal gains more likely to dominate and information discrimination more likely to

be optimal. When a discriminatory persuasion mechanism is optimal, we show that it is

implementable by a menu of experiments contingent only on the agent’s report of first-stage

type. As discussed above, in the static setting where the agent knows his cost, screening the

agent’s private information is not profitable; see Kolotilin et al. (2017) and Guo and Shmaya

(2019).3 Our result indicates that the first-stage type becomes a valuable screening device

in the dynamic setting, though the second-stage cost is not.

The result above delivers a simple message: information discrimination is valuable when

early private signals meaningfully predict differences in how private information evolves. To

facilitate applications, we provide easy-to-check sufficient conditions in Section 4.3, linking

our necessary and sufficient condition to the shapes of the type-specific cost distributions.4

3In the static setting, every persuasion mechanism is equivalent to an experiment when the state space

is binary; see Kolotilin et al. (2017). In Section A.1, we present a binary-state example in the dynamic

setting. There is a persuasion mechanism in this example such that neither the outcome of the persuasion

mechanism nor the interim utility it generates can be replicated using a non-discriminatory experiment.
4Specifically, when types are sufficiently similar, the cross hazard rate is decreasing, and a single experi-

ment is optimal; when types are well separated, the cross hazard rate is strictly increasing, and the optimal

persuasion mechanism must be discriminatory provided that the principal benefits from revealing in the

benchmark non-discriminatory persuasion mechanism.
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Beyond these sufficient conditions, we offer a complementary perspective on how type sep-

aration affects the principal’s problem. We show that making the two types more distinct

preserves the feasibility of the original optimal mechanism. Hence, more informative early

signals enlarge the principal’s scope for screening. Moreover, if the unconditional cost dis-

tribution is fixed and a single experiment is initially optimal, we demonstrate through an

example that increasing type separation can eventually make discrimination profitable and

raise the principal’s payoff. This is consistent with the message that the value of discrimi-

nation depends on how the types differ in their responses to information.

Our result also speaks to the design of personalized recommendation systems and the

regulation of digital privacy. Platforms routinely defend data-driven personalization as a

necessary tool for providing better services, while critics argue that data elicitation enables

manipulation and surplus extraction. Our analysis demonstrates that in the context of

information provision, profitable discrimination need not reduce the agent’s welfare. When

the platform seeks to extract surplus from “hard-to-persuade” users, it needs to provide the

market with more information to prevent “easy-to-persuade” users from mimicking, leading

to a Pareto improvement. Conversely, when the platform targets “easy-to-persuade” users,

it creates informational scarcity, resulting in purely exploitative discrimination. As a result,

restrictions on type-contingent disclosure may eliminate exploitative screening, yet they may

also rule out value-creating forms of personalized information provision. A better way is to

provide an “opt-out” option, which rules out the purely exploitative menus and guarantees

each type at least the payoff from the optimal non-discriminatory experiment.

The remainder of the paper is organized as follows. The rest of the introduction provides

the literature review. Section 2 presents the model. In Section 3, we provide a motivating

example, where all the simple experiments lead to the same outcome, while a discriminatory

persuasion mechanism strictly improves the principal’s payoff. Section 4 states the main

characterization theorem and provides easy-to-check sufficient conditions. In Section 5, we

provide further discussions about welfare implications of information discrimination and

the effect of separating types. Section 6 concludes. Proofs and additional material on the

extension to the setting with multiple first-stage types are collected in the Appendix.
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Literature review This paper joins the literature on Bayesian persuasion since Kamenica

and Gentzkow (2011).5 It is most closely related to works on persuasion with a privately

informed agent. Kolotilin et al. (2017) study the setting where the information controlled

by the sender is independent of the receiver’s private information. In the baseline model,

they show that every incentive compatible persuasion mechanism can be implemented by a

single experiment. As a result, there is no value in information discrimination. In Guo and

Shmaya (2019), the information controlled by the sender is correlated with the agent’s private

information. They find that although not all mechanisms are implementable by a single

experiment, the optimal one remains non-discriminatory. The current paper complements

these studies by introducing sequentially arriving private information and showing that even

under independence, information discrimination can be valuable.

The insight that the principal may benefit from screening the agent’s gradually arriving

private information has been explored in the mechanism design literature. Courty and Li

(2000) study the optimal selling mechanism when the agent first learns a rough private val-

uation and then the precise private valuation. When the interim participation constraint is

imposed, they show that the optimal selling mechanism is a menu of option contracts. By

adopting the ex post participation constraint, Krähmer and Strausz (2015) provide sufficient

conditions for the optimal selling mechanism to be static; that is, the seller offers the same

contract to different types. Bergemann, Castro and Weintraub (2020) further characterize

when the optimal mechanism is static. Krähmer and Kováč (2016) study a dynamic dele-

gation problem, and provide sufficient conditions for the optimal delegation to be static or

sequential. The current paper studies a Bayesian persuasion problem, which differs from

the above works. We provide a sharp characterization for when the optimal persuasion

mechanism is non-discriminatory.

There are other factors that may lead optimal persuasion to involve information discrim-

ination. Kolotilin et al. (2017) have discussed several such factors, including nonlinearity,

5The setting in the current paper belongs to the linear persuasion environment, which has been studied

in previous works; see, for example, Kolotilin (2018), Dworczak and Martini (2019), Kolotilin, Mylovanov

and Zapechelnyuk (2022), and Dworczak and Kolotilin (2024). Recently, Kolotilin, Corrao and Wolitzky

(2025) study Bayesian persuasion in the nonlinear environment.
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larger action sets, etc. Another important scenario that benefits from information discrimi-

nation is when the problem involves joint design in information and pricing; see, for example,

Li and Shi (2017), Guo, Li and Shi (2024), and Wei and Green (2024). Moreover, when there

are multiple agents, the sender may leverage the heterogeneity among agents by offering dif-

ferent information; see, for example, Bardhi and Guo (2018), Bobkova and Klein (2018),

Chan et al. (2019), and Chen and Chen (2024). In the current paper, we point out a new

factor that may lead to information discrimination, namely, the gradual arrival of private

information.

Finally, there is a rich strand of literature embedding dynamics in information design.

For instance, when multiple senders move sequentially, as in Li and Norman (2021) and Wu

(2023), the problem naturally features sequential information design.6 Alternatively, the

state of the world can evolve in the dynamic environment, see Ely, Frankel and Kamenica

(2015), Ely (2017) and Koh, Sanguanmoo and Zhong (2025) among others. Furthermore,

information production may take time, as in Che, Kim and Mierendorff (2023). In the

current paper, the source of dynamics is the evolution of agent’s private information, which

differentiates the current paper from these studies in this strand of literature.

2 Setup

Consider a relationship between a principal (she) and an agent (he). There are two actions

that the agent can take from A “ t0, 1u. Action a “ 0 generates no benefit or cost to the

principal or the agent. Action a “ 1 incurs a private cost c to the agent and leads to a

random benefit ω P Ω “ r0, 1s, yet it always benefits the principal. Let the utilities of the

principal and the agent be

vpc, ω, aq “ a and upc, ω, aq “ apω ´ cq.

The agent’s private information arrives in two stages. In stage one, the agent learns

6For works on Bayesian persuasion with multiple senders in the static setting, see, for example, Gentzkow

and Kamenica (2016), Li and Norman (2018), Au and Kawai (2020, 2021), and Hwang, Kim and Boleslavsky

(2023).
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his type t P T “ tL,Hu,7 which is realized with probability fptq. This type provides a

noisy signal about his future cost of taking action a “ 1. In stage two, the agent’s private

cost c P C “ r0, 1s is realized. Given type t in stage one, the distribution and the density

of c are Gtp¨q and gtp¨q, which are continuously differentiable and positive on p0, 1q. Let

gp¨q “ fpLqgLp¨q ` fpHqgHp¨q denote the unconditional density of c, and let Gp¨q denote the

corresponding distribution function.

We impose the following assumptions. Assumption 1 is the common log-concavity con-

dition.8 Assumption 2 imposes the monotone likelihood ratio property, which ensures that

a higher type leads to higher costs statistically more likely.

Assumption 1. The density functions gLpcq, gHpcq, and gpcq are log-concave in c.

Assumption 2. The likelihood ratio
gHpcq

gLpcq
is strictly increasing in c.

We call the random benefit ω the state, which is realized after pt, cq is known to the agent.

It is fully supported on r0, 1s, follows the distribution Φ, and admits a continuous density ϕ.

Moreover, ω is assumed to be independent of agent’s private information pt, cq. The principal

controls the release of information about ω. Her aim is to design a persuasion mechanism to

maximize the expected payoff. Specifically, a persuasion mechanism π : T ˆ C ˆ Ω Ñ r0, 1s

requires the agent to sequentially reveal his type t and cost c, and then recommends that

the agent take action a “ 1 (resp. a “ 0) with probability πpt, c, ωq (resp. 1 ´ πpt, c, ωq).

After receiving the recommendation from the principal, the agent decides whether to

follow it or not. Let a1 (resp. a0) be the action taken by the agent when he receives

recommendation a “ 1 (resp. a “ 0). Let t̂ and ĉ be the agent’s reports in stages one and

two. Then, the agent with true information t and c has the following expected payoff in

stage two,

Uπpt̂, ĉ, a0, a1|t, cq ”

ż

Ω

„

a0p1 ´ πpt̂, ĉ, ωqq ` a1πpt̂, ĉ, ωq

ȷ

pω ´ cq dΦpωq.

7We extend the analysis to the setting with multiple types in Section A.7.

8When the g function satisfies this assumption, the log-derivative
g1

g
is decreasing, and one can explicitly

characterize the optimal non-discriminatory persuasion mechanism, which can be implemented by an upper-

censorship experiment. As demonstrated by the counterexample in Section 3, a (discriminatory) persuasion

mechanism may not be implementable via an experiment even under Assumption 1.
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A persuasion mechanism is incentive compatible if the agent finds it optimal to report truth-

fully in both stages and to follow the recommendation. We decompose this requirement into

two conditions: incentive compatibility conditions in stage two (IC2) and stage one (IC1).

The IC2 condition requires that the agent has no incentive to engage in one-shot deviation

in stage two, which includes misreporting c and disobeying the recommendation sent by the

principal. Formally, IC2 requires that for all t P T , c P C, ĉ P C, and a0, a1 P A,

Uπpt, cq ” Uπpt, c, 0, 1|t, cq ě Uπpt, ĉ, a0, a1|t, cq;

that is,

ż

Ω

πpt, c, ωqpω ´ cq dΦpωq ě

ż

Ω

„

a0p1 ´ πpt, ĉ, ωqq ` a1πpt, ĉ, ωq

ȷ

pω ´ cq dΦpωq. (1)

The IC1 condition requires that the agent has no incentive to deviate starting from stage one,

which includes one-shot deviation in stage one and double deviation in both stages. It means

that for any initial misreport t̂ and for any subsequent plan to misreport cost and disobey

recommendations in stage two, the agent’s expected payoff is weakly lower than that from

truthful reporting and obedience. Formally, it requires that

ż

cPC

Uπpt, cqgtpcq dc ě

ż

cPC

Uπpt̂, cpcq, a0pcq, a1pcq|t, cqgtpcq dc

for any t, t̂ P T , stage-two reporting plan c : C Ñ C, action plan a0 : C Ñ A contingent

on the principal’s recommendation a “ 0, and action plan a1 : C Ñ A contingent on the

principal’s recommendation a “ 1.

The principal’s original problem, Problem (O), is defined as follows:

max
π

ż

tPT

ż

cPC

ż

ωPΩ

πpt, c, ωqϕpωqgtpcqfptq dω dc dt

s.t. π satisfies IC1 and IC2.

A persuasion mechanism discloses information about the state by sending a recommen-

dation after eliciting the agent’s report of his private information in two stages. Instead of

adopting a persuasion mechanism, the principal may disclose information about the state

by using an experiment, which does not require the agent to report private information. An

experiment is a mapping σ : Ω Ñ △pMq, where M “ r0, 1s. Given an experiment, a message

11



m induces a posterior mean of the state. The agent with the cost equal to this posterior

mean is indifferent between the two actions. An experiment is direct if m “ Erω|σpωq “ ms.

Namely, the experiment sends a message m P M contingent on the state, such that the

message directly informs the agent of the posterior mean. If an experiment is used, one can

focus on direct experiments without loss of generality; see Kamenica and Gentzkow (2011).

A natural question is: can the principal achieve the same payoff with a simple experiment

as with an optimal persuasion mechanism? If such an experiment exists, then we say that

the optimal mechanism is non-discriminatory, meaning that the richer class of mechanisms

offers no additional gain. If discrimination is necessary, it provides a rationale for why a

principal might seek to elicit the agent’s private information.

3 An example

In Section 2, we present a simple Bayesian persuasion model in a linear environment with

binary actions. We now provide an example to illustrate that the optimal persuasion mech-

anism may not always be implementable via a simple experiment. In this example, the

principal achieves a strictly higher payoff by using a discriminatory persuasion mechanism.

Suppose that type t, private cost c and state ω, are all uniformly distributed. Specifically,

fptq “ 0.5 for both t P T , the unconditional density of the cost gpcq “ 1 for all c P C, and

ϕpωq “ 1 for all ω P Ω. The variables t and c are correlated with gLpcq “ 2 ´ 2c and

gHpcq “ 2c for any c P C “ r0, 1s. The realization of ω is independent of t and c.

First, suppose that the principal commits to offering an experiment to the agent. Figure

1 illustrates four simple experiments and the induced actions. The experiments in panels (a)

and (b) involve fully disclosing ω and not disclosing ω respectively; the experiment in panel

(c) involves upper censorship with cutoff ĉ; that is, fully disclosing ω P r0, ĉs and pooling

states ω P pĉ, 1s; the experiment in panel (d) involves lower censorship with cutoff ĉ; that

is, pooling states ω P r0, ĉs and fully disclosing ω P pĉ, 1s. The shaded area in each panel

describes the range of c and ω where the agent takes action a “ 1. As c and ω are uniformly

and independently distributed, the pair pc, ωq falls into the shaded area with 50 percent

probability in each panel, implying that the principal earns an ex ante payoff 0.5 under
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c
1

1
ω

0

a “ 1

a “ 0

(a) Full disclosure

c
1

1
ω

0 0.5

a “ 1 a “ 0

(b) No disclosure

c
ĉ ĉ`1

2
ĉ

ĉ

1

1
ω

0

a “ 1

a “ 0

(c) Upper censorship

c
ĉĉ

2
ĉ

ĉ

1

1
ω

0

a “ 1

a “ 0

(d) Lower censorship

Figure 1: Four experiments

each of the four experiments. In fact, not only are these four experiments equally good, by

applying the argument of Kolotilin et al. (2017) to this example, every experiment leads to

the same ex ante payoff 0.5 to the principal. Moreover, their result implies that the principal’s

ex ante payoff remains 0.5 even if she can condition the experiment on the agent’s cost c in

an incentive compatible way. In other words, screening on cost provides no benefit.

We now show that the principal can achieve a strictly higher payoff by screening the

agent’s type t. To see this, suppose that the principal first adopts the same upper-censorship

experiment with cutoff ĉ (slightly below 0.5) for both types. Starting from this baseline, she

deviates to a menu of two experiments: the one designed for type L remains the upper-

censorship experiment with cutoff ĉ, and the one designed for type H is instead the lower-

censorship experiment with the same cutoff. Let SLpcq (resp. SHpcq) denote the probability
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c
ĉĉ

2
ĉ

1 ´ ĉ

1

1

0

SHpcq

SLpcq

SHpcq ´ SLpcq

Figure 2: Surplus extracted from cost-c agent

that a cost-c agent takes action a “ 1 under the experiment designed for type L (resp. H).

This probability corresponds to the height of the shaded area in panel (c) (resp. panel (d)) of

Figure 1. Since the principal’s payoff is exactly this probability, Stpcq represents the surplus

extracted from a type-t cost-c agent.9

By switching from the non-discriminatory persuasion to the above discriminatory menu,

the principal extracts the same surplus from type L as the experiment for type L remains

unchanged. The additional surplus extracted from a type-H cost-c agent is given by SHpcq´

SLpcq, as illustrated in Figure 2. Since ĉ ă 0.5 and the density gHpcq “ 2c places more weight

on higher costs (i.e., larger c), the positive region of SHpcq ´ SLpcq receives a higher weight

under gH than the negative region. Consequently, the expected additional surplus under gH

is positive. Therefore, conditional on the agent truthfully reporting his type and following

the designated experiment, the discriminatory mechanism is strictly more profitable for the

principal.

The upper- and lower-censorship experiments, labeled by L and H in the following ex-

9This menu of experiments does not help the principal if the agent is able to observe his private cost in

stage one. To see this, nearly all agents with cost below (resp. above) ĉ have a strict incentive to choose

the upper-censorship (resp. lower-censorship) experiment, leading to the same payoff to the principal as the

optimal non-discriminatory persuasion.
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pressions, give a cost-c agent the expected payoffs of

ULpcq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ż 1

c

pω ´ cq dω, c P r0, ĉs;

p1 ´ ĉqp
ĉ ` 1

2
´ cq, c P pĉ,

ĉ ` 1

2
s;

0, c P p
ĉ ` 1

2
, 1s;

UHpcq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

0.5 ´ c, c P r0,
ĉ

2
s;

p1 ´ ĉqp
ĉ ` 1

2
´ cq, c P p

ĉ

2
, ĉs;

ż 1

c

pω ´ cq dω, c P pĉ, 1s.

In particular, the ULpcq function crosses UHpcq only once from above as c increases from 0

to 1. When ĉ is slightly below 0.5, the density gL (resp. gH) evaluates UL (resp. UH) more

favorably. Thus, the menu of experiments is incentive compatible for the agent; that is, each

type prefers its designated experiment. For example, when ĉ “ 0.475,
ż 1

0

ULpcqgLpcq dc « 0.2468 ą 0.2432 «

ż 1

0

UHpcqgLpcq dc, and

ż 1

0

UHpcqgHpcq dc « 0.0812 ą 0.0744 «

ż 1

0

ULpcqgHpcq dc.

Finally, we remark that information discrimination may not always benefit the principal.

For instance, under specific density functions such as ĝLpcq “
e

e ´ 1
e´c and ĝHpcq “ 2 ´

e

e ´ 1
e´c, this particular discriminatory mechanism fails to outperform non-discriminatory

ones. In fact, as will be discussed in Section 4, under ĝL and ĝH , there does not exist

any menu of experiments that is strictly more profitable for the principal than the optimal

experiment.

4 Analysis

In this section, we shall characterize when the discriminatory persuasion can be strictly

optimal. Our analysis proceeds in a few steps. First, we simplify the principal’s problem by

recasting it in terms of the agent’s utility (Problem (I)). Second, we present the optimal non-

discriminatory persuasion benchmark, which is implemented by a simple experiment. Finally,

we derive a necessary and sufficient condition for when the simple benchmark remains optimal

and when the principal should instead adopt a discriminatory menu. As will be shown, the

condition depends on how informative the agent’s initial type is about his eventual cost.

Let Upcq “

ż 1

c

pω ´ cq dΦpωq and Upcq “ maxtErωs ´ c, 0u be the cost-c agent’s expected

payoffs under full and no disclosure, respectively. Let U be the set of convex functions
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U : C Ñ R bounded above by U and below by U . Kolotilin et al. (2017) show that in a

static persuasion problem, allowing the principal to choose the optimal persuasion mechanism

is equivalent to allowing the principal to choose the agent’s indirect utility function.

In our sequential private information setting, we now define another problem, where the

principal does not directly choose a persuasion mechanism. Instead, her choice variables

are the two types’ indirect utility functions UL, UH P U , where a type-t cost-c agent earns

expected utility Utpcq from the underlying persuasion mechanism. This is Problem (I):

max
UL,UHPU

„

gp0qErωs ` fpLq

ż

cPC

ULpcqg1
Lpcq dc ` fpHq

ż

cPC

UHpcqg1
Hpcq dc

ȷ

s.t.

ż

cPC

ULpcqgLpcq dc ě

ż

cPC

UHpcqgLpcq dc,
ż

cPC

UHpcqgHpcq dc ě

ż

cPC

ULpcqgHpcq dc.

Note that gp0qErωs is a constant and can be omitted from the maximization problem.

The following lemma shows that Problem (I) is equivalent to the principal’s original

problem, Problem (O).

Lemma 1. (a) For every persuasion mechanism π that satisfies the constraints in Problem

(O), the induced indirect utility functions for the two types satisfy the constraints in

Problem (I) and lead to the same value in Problem (I) as π does in Problem (O).

(b) For every pair of UL, UH P U that satisfies the constraints in Problem (I), there exists

a persuasion mechanism π that satisfies the constraints in Problem (O) and leads to

the same value in Problem (O) as the pair of UL, UH P U does in Problem (I).

4.1 Non-discriminatory persuasion benchmark

To study when it is optimal to adopt a discriminatory persuasion mechanism, the solution

of the optimal non-discriminatory persuasion plays an important role. Suppose that the

principal does not elicit the agent’s stage-one private information. Similar to Lemma 1, the

principal’s problem can be written as Problem (S) (“S” refers to static) defined as follows:

max
UPU

ż

cPC

Upcqg1
pcq dc.
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For each s P r0, 1s, we define an experiment σp0,sq: let the experiment fully reveal ω P r0, ss

and pool ω P ps, 1s into the posterior mean Erω|ω ą ss.10 This experiment is called an upper-

censorship experiment. The induced expected utility to a cost-c agent is given by Up0,sqpcq.

By Assumption 1,
g1

g
is decreasing. Hence, g1 satisfies the downward single crossing property

(DSCP); that is, there do not exist s1, s2 P C with s1 ă s2 such that g1
ps1q ă 0 and

g1
ps2q ą 0.11 When g1 satisfies DSCP, the solution of Problem (S) can be implemented by

an upper-censorship experiment; see Kolotilin et al. (2017) and Kolotilin, Mylovanov and

Zapechelnyuk (2022).

Define

ŝ “

$

’

&

’

%

infts P C : g1
psq ă 0u, if ts P C : g1

psq ă 0u ‰ H;

1, if ts P C : g1
psq ă 0u “ H.

(2)

To solve the optimal upper-censorship experiment, a candidate cutoff is12

s˚
“ min

#

s P r0, ŝs : s ď ŝ ď Erω|ω ą ss,

ż Erω|ωąss

s

pc ´ sqg1
pcq dc ď 0

+

. (3)

Replacing g by gL or gH in (2) and (3) defines ŝL, ŝH and s˚
L, s

˚
H analogously. The optimal

cutoff balances a trade-off: a higher cutoff means full disclosure for more states, which fails

to persuade a group of mid-low-cost agents, but it also makes the pooled message more

informative and thus more appealing to a group of mid-high-cost agents.

It is worth pointing out that, if s˚
ą 0, it must be the case that

ż Erω|ωąs˚s

s˚

pc´s˚
qg1

pcq dc “

0.13 Equivalently,

fpLq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

Lpcq dc ` fpHq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

Hpcq dc “ 0. (4)

10When s “ 1, we slightly abuse notation by letting Erω|ω ą 1s “ 1.
11Similarly, one can define the upward single crossing property (USCP).

12The requirement

ż Erω|ωąss

s

pc ´ sqg1pcq dc ď 0 is the first order condition, where the inequality takes

care of the potential corner solution s˚ “ 0. The other potential corner solution s˚ “ 1 happens only if

s˚ “ ŝ “ Erω|ω ą s˚s “ 1, for which the first order condition holds as an equality. The requirement that

s ď ŝ ď Erω|ω ą ss is essentially a second order condition given that g1 satisfies DSCP.

13To see it, if s˚ ą 0 and

ż Erω|ωąs˚
s

s˚

pc´s˚qg1pcq dc ă 0, then it must be the case that s˚ ď ŝ ă Erω|ω ą s˚s.

There exist s P p0, s˚q Ď r0, ŝs such that

ż Erω|ωąss

s

pc´sqg1pcq dc ă 0 and s ă ŝ ă Erω|ω ą ss. This contradicts

the definition of s˚.
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The following lemma verifies that Up0,s˚q is a solution of Problem (S).

Lemma 2. Given the above defined s˚, Up0,s˚q, the indirect utility function induced by the

upper-censorship experiment σp0,s˚q, solves Problem (S).

4.2 A necessary and sufficient condition

When can the principal improve upon the single experiment by offering a menu? Intuitively,

a discriminatory menu is profitable when the types are sufficiently different in how they

value marginal changes in information. If the types are not distinct enough in their marginal

valuation of information to make screening worthwhile, then the optimal non-discriminatory

experiment suffices. In general, the principal may create a menu with different experiments

such that each type will self-select appropriately.

The following proposition provides a necessary and sufficient condition.

Proposition 1. The optimal persuasion mechanism can be implemented by an experiment

if and only if for all c1 ă s˚ and c2 ą s˚,14

g1
Hpc1q

gLpc1q
ě ´

fpLq

fpHq

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Lpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
ě

şErω|ωąs˚s

c2
pc ´ c2qg1

Hpcq dc
şErω|ωąs˚s

c2
pc ´ c2qgLpcq dc

. (5)

Under condition (5), the optimal persuasion mechanism can be implemented by σp0,s˚q.

When (4) is satisfied (recall that s˚
ą 0 is sufficient for (4) to hold), the condition (5)

can be equivalently written as

g1
Hpc1q

gLpc1q
ě

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Hpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
ě

şErω|ωąs˚s

c2
pc ´ c2qg1

Hpcq dc
şErω|ωąs˚s

c2
pc ´ c2qgLpcq dc

. (6)

The optimal single experiment σp0,s˚q guarantees a certain level of expected utility to each

type. The principal considers the benefit from offering a menu, but needs to weigh the gains

from treating the two types separately against the costs of doing so. When condition (5)

fails, the principal can slightly perturb the optimal non-discriminatory experiment σp0,s˚q in

one of two ways to create a new menu, depending on where the violation occurs.

14When s˚ “ 1, only the left-hand inequality is imposed, with the middle term in p5q interpreted as the

one-sided limit ´
fpLq

fpHq

g1
Lp1q

gLp1q
. When s˚ “ 0, only the right-hand inequality is imposed.
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• Suppose that the left-hand side (LHS) inequality in (5) is violated for some c1 ă s˚.

The principal offers the type L a slightly less informative experiment (a cutoff lower

than s˚) and the type H a carefully designed experiment that pools some low region

around c1. Specifically, let the experiment for the type L be σp0,s˚´ϵq. Construct a new

experiment for type H as follows:

– fully revealing on r0, c1s Y rc1 ` δ1pϵq, s
˚
s;

– pooling on pc1, c1 ` δ1pϵqq;

– pooling on ps˚, 1s.

Here, δ1pϵq is chosen such that the type L is indifferent between the experiments de-

signed for both types.

When the cross hazard rate
g1
Hpc1q

gLpc1q
is low at some c1 ă s˚, the derivative of type H’s

density is small relative to L’s density at that cost. In the construction, the principal

pools a tiny interval pc1, c1 ` δq for type H. The resulting loss in the principal’s payoff

is approximately proportional to
g1
Hpc1q

gLpc1q
. At the same time, lowering type L’s cutoff

(making its experiment less informative) yields a gain that is proportional to the middle

term of (5), which is higher. Hence, the marginal cost of pooling is small relative to

the marginal benefit, making the deviation profitable.

• Suppose that the right-hand side (RHS) inequality in (5) is violated for some c2 ą s˚.

The principal offers type L a slightly more informative experiment and the type H

an experiment that provides more information for high costs. Specifically, the new

experiment designed for type L is σp0,s˚`ϵq, and the new experiment for type H is

– fully revealing on r0, s˚
s Y rc2, c2 ` δ2pϵqs;

– pooling on ps˚, c2q Y pc2 ` δ2pϵq, 1s.

Again, δ2pϵq is chosen such that the type L is indifferent between the experiments

designed for both types.15

15In both cases, ϵ ą 0 is sufficiently small such that s˚ ´ ϵ ą 0 and c1 ` δ1pϵq ă s˚ in the first case, and

s˚ ` ϵ ă 1 and c2 ` δ2pϵq ă 1 in the second case.
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experiment for L

experiment for H

0 1

ϵ

s˚

c10 1

δ1pϵq

(a) LHS inequality in (5) is violated

experiment for L

experiment for H

ϵ

0 1

δ2pϵq

s˚

c20 1

(b) RHS inequality in (5) is violated

Figure 3: Construction of a menu of experiments

Here, the RHS term, the ratio of weighted averages of g1
H and gL over the interval

rc2,Erω|ω ą s˚
ss, is proportional to the marginal gain from revealing information on

rc2, c2 ` δ2pϵqs to type H, while the middle term captures the marginal loss needed

to prevent type L from mimicking type H. The violation of RHS inequality means

that the marginal gain exceeds the marginal loss, so the menu strictly improves the

principal’s payoff.

The construction above is illustrated in Figure 3. The experiment reveals ω in the blue solid

area, pools the red dotted area into one message, and pools the grey dotted area into another

message. For both panels in the figure, the fully revealing region in the experiment designed

for type H is an increasing image of the corresponding region in the experiment designed for

type L.

Remark 1. The construction above illustrates how to design a profitable menu whenever

condition (5) is violated. The formal analysis of the “only if” direction is left in the Ap-

pendix. In general, this condition tests how much the type distributions gH and gL are

“separated” such that the cost of screening (information rent to the agent) is low enough

to justify its benefits. For example, when the “cross hazard rate” g1
H{gL is increasing, the

types are well “separated” as g1
L{gL is decreasing, which is part of the sufficient condition in

making discriminatory persuasion the optimal strategy.16

16We provide further discussions in Section 4.3.
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For the “if” direction, the principal need only prevent type L from mimicking type H.

The following relaxed variant of Problem (I) with only the upward IC1 constraint, Problem

(II), turns out to be useful:

max
UL,UHPU

„

fpLq

ż

cPC

ULpcqg1
Lpcq dc ` fpHq

ż

cPC

UHpcqg1
Hpcq dc

ȷ

s.t.

ż

cPC

ULpcqgLpcq dc ě

ż

cPC

UHpcqgLpcq dc.

The Lagrangian of Problem (II) is

L

“fpLq

ż

cPC

ULpcqg1
Lpcq dc ` fpHq

ż

cPC

UHpcqg1
Hpcq dc ` λ

ż

cPC

rULpcq ´ UHpcqs gLpcq dc

“

ż

cPC

ULpcq rfpLqg1
Lpcq ` λgLpcqs dc `

ż

cPC

UHpcq rfpHqg1
Hpcq ´ λgLpcqs dc

“

ż

cPC

ULpcq

„

fpLq
g1
Lpcq

gLpcq
` λ

ȷ

gLpcq dc `

ż

cPC

UHpcq

„

fpHq
g1
Hpcq

gLpcq
´ λ

ȷ

gLpcq dc.

Denote

L1 “

ż

cPC

ULpcq

„

fpLq
g1
Lpcq

gLpcq
` λ

ȷ

gLpcq dc

and

L2 “

ż

cPC

UHpcq

„

fpHq
g1
Hpcq

gLpcq
´ λ

ȷ

gLpcq dc.

It suffices to show that UL “ UH “ Up0,s˚q solves Problem (II), as the omitted downward

IC1 constraint would be trivially satisfied. Towards this end, we first identify the candidate

Lagrange multiplier λ. With appropriate λ, it is shown that the optimal UL and UH for

maximizing L1 and L2 are both given by Up0,s˚q. Therefore, the solution of Problem (I) can

be implemented by the experiment σp0,s˚q.

Below, we revisit the example in Section 3. In this example, s˚
“ 1 and the LHS of

condition (5) is violated for every c1 ă s˚
“ 1. We shall demonstrate how the principal

could construct a menu as in the second case to get a higher payoff.

Example 1 (Revisiting the example in Section 3).

Recall that gLpcq “ 2´2c and gHpcq “ 2c. Then
g1
Hpcq

gLpcq
is increasing. The binding upward

IC1 constraint is
ż

cPC

rUHpcq ´ ULpcqsgLpcq dc “ 0.
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As discussed in Section 3, UH ´ UL satisfies the upward single crossing property (USCP).

Then the downward IC1 constraint
ż

cPC

rUHpcq ´ ULpcqsgHpcq dc “

ż

cPC

rUHpcq ´ ULpcqsgLpcq
gHpcq

gLpcq
dc ě 0.

The inequality holds as the likelihood ratio
gHpcq

gLpcq
is strictly increasing. Intuitively, the relative

weight imposed on the positive (negative) part of UHpcq ´ ULpcq by gH is overall bigger

(smaller) than it is when the weight is gL.

The change in the principal’s payoff is

fpLq

ż

cPC

rULpcq ´ Up0,s˚qpcqsg1
Lpcq dc ` fpHq

ż

cPC

rUHpcq ´ Up0,s˚qpcqs
looooooooooomooooooooooon

UL´Up0,s˚q`UH´UL

g1
Hpcq dc

“

ż

cPC

rULpcq ´ Up0,s˚qpcqs rfpLqg1
Lpcq ` fpHqg1

Hpcqs
looooooooooooooomooooooooooooooon

“0 for the linear densities in Section 3

dc ` fpHq

ż

cPC

rUHpcq ´ ULpcqsg1
Hpcq dc

“fpHq

ż

cPC

rUHpcq ´ ULpcqsgLpcq
g1
Hpcq

gLpcq
dc.

Since
g1
Hpcq

gLpcq
is strictly increasing, the relative weight imposed by g1

H on the positive (negative)

part of UHpcq ´ ULpcq is overall bigger (smaller) than it is when the weight is gL. Thus, the

change in the principal’s payoff is positive, implying that it is profitable to adopt a menu.

The argument above does not apply to the densities ĝL and ĝH at the end of Section 3,

which satisfy condition (5). Loosely,
ĝ1
Hpcq

ĝLpcq
is a constant, implying that there is no change

in the principal’s payoff.

4.3 Easy-to-check conditions

Condition (5) involves integral terms. To facilitate the application of Proposition 1, we

present some simpler, easy-to-check sufficient conditions.

The LHS of condition (5) is the cross hazard rate
g1
H

gL
. It can be written as the product

of
g1
H

gH
and

gH
gL

. Since
g1
H

gH
is decreasing and

gH
gL

is increasing, the monotonicity of the cross

hazard rate depends on which of these two opposing forces dominates. When gH and gL

are sufficiently close, the cross hazard rate is decreasing, implying that no information dis-

crimination is optimal. When gH strongly dominates gL, screening the agent’s types can be

valuable.
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The intuition is summarized in the following corollary.

Corollary 1. (a) If
g1
Hpcq

gLpcq
is decreasing, then the optimal persuasion mechanism is imple-

mentable by one experiment.

(b) If (4) holds and
g1
Hpcq

gLpcq
is strictly increasing on

“

0,Erω|ω ą s˚
s
‰

, then the optimal

persuasion mechanism must involve discriminatory information disclosure.

Remark 2. In Corollary 1 (b), without (4), the monotonicity of the cross hazard rate alone

may not be sufficient to guarantee the optimality of discriminatory information disclosure.

For instance, consider the modified density gHpcq “ 0.5 ` c in Section 3. In this case, one

can show that (4) is violated. Moreover,
g1
H

gL
is strictly increasing, yet condition (5) holds. It

implies that the optimal mechanism does not require discriminatory disclosure, despite the

increasing cross hazard rate.

Corollary 1 (b) shows that under the monotonicity condition, the optimal persuasion

mechanism involves discriminatory information disclosure. Below, we provide more discus-

sions about the structure of the discriminatory persuasion mechanism.

Corollary 2. If the optimal persuasion mechanism requires information discrimination, then

it can be implemented by a menu of two experiments of the following structure.

(a) There exists cL P C such that the experiment designed for type L is the upper-censorship

experiment σp0,cLq.

(b) Type L is indifferent between the two experiments.

(c) When
g1
Hpcq

gLpcq
is increasing, the experiment designed for type H can be implemented by

a lower-censorship experiment.

Remark 3. Under the conditions of Corollary 2 (c), the optimal discriminatory menu is

characterized by three unknowns pcL, cH , λq, where pcL, cHq are two cutoffs and λ is the mul-

tiplier on the low type’s incentive constraint:

ż Erω|ωącLs

cL

pc ´ cLq pfpLqg1
Lpcq ` λgLpcqq dc “ 0,

23



ż cH

Erω|ωăcH s

pcH ´ cq pfpHqg1
Hpcq ´ λgLpcqq dc “ 0,

and
ż 1

0

`

Up0,cLqpcq ´ UpcH ,1qpcq
˘

gLpcq dc “ 0.

Here, UpcH ,1q denotes the payoff from the lower-censorship experiment with the cutoff cH . The

example in Section 3 uses a common cutoff for illustration. More generally, the corollary

above implies that the relevant search can be restricted to the two-cutoff class pcL, cHq, and

the optimal cutoffs need not coincide.

Corollary 1 provides a clear test for the value of discrimination. We now turn to spe-

cific distributional shapes. The next corollary considers the case where both densities are

monotone.

Corollary 3 (Monotone densities). (a) If gH and gL are both increasing or both decreas-

ing, and gH is concave, then the cross hazard rate is decreasing.

(b) If gH is increasing and convex, and gL is strictly decreasing, then the cross hazard rate

is strictly increasing.17

The corollary above presents straightforward conditions when the densities are monotone.

However, the implication becomes less clear when the densities are not monotone. Below,

we present an illustrative example.

Example 2. Suppose that the state ω P r0, 1s is drawn based on the uniform distribution,

and the agent’s type t P tH,Lu is drawn with equal probability. Consider two densities in the

beta distribution family:

gLpcq “ λcα´1
p1 ´ cqβ´1 and gHpcq “ λcβ´1

p1 ´ cqα´1,

where 1 ă α ă β and λ is such that these densities are well-defined. The two functions gL

and gH are single-peaked at
α ´ 1

α ` β ´ 2
and

β ´ 1

α ` β ´ 2
, respectively. It is easy to verify that

both gL and gH are log-concave, and gH{gL satisfies the monotone likelihood ratio property.

Moreover, under the following two groups of parameters, g is also log-concave.

17The densities gL and gH in Section 3 fit into this class.
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• When α “ 2.7 and β “ 3.3, the cross hazard rate is decreasing. The optimal persuasion

mechanism can be implemented by one experiment.

• When α “ 2 and β “ 4, the peak of the cross hazard rate is reached at c “ 0.65.

In addition, s˚
“ 0.27, Erω|ω ą s˚

s ă 0.65, and the cross hazard rate is strictly

increasing on
“

0,Erω|ω ą s˚
s
‰

. Therefore, the optimal persuasion mechanism needs to

involve information discrimination.

5 Discussions

5.1 Welfare impact of information discrimination

A natural question arising from our analysis is how information discrimination affects the

agent; specifically, whether profitable information discrimination must reduce the agent’s wel-

fare. The answer is no. The local constructions underlying Proposition 1 imply two opposite

welfare regimes. Moving from a single experiment to a discriminatory persuasion mechanism,

information discrimination can be either purely exploitative or Pareto-improving.

To simplify the analysis, we assume below that the unconditional density g is strictly

log-concave. It guarantees that the optimal upper-censorship experiment (the optimal non-

discriminatory mechanism) is unique. As before, let σp0,s˚q denote this unique optimal single

experiment where the state is fully revealed for ω ď s˚ and pooled for ω ą s˚. Denote the

cost-c agent’s payoff generated by σp0,s˚q as Up0,s˚q.

Corollary 4 (Exploitative and Pareto-improving discriminatory menus).

1. If LHS of condition (5) is violated at some c1 ă s˚, then there exists a strictly profitable

menu of experiments pσL, σHq that is purely exploitative.

(a) The principal strictly prefers pσL, σHq to the single experiment σp0,s˚q;

(b) ULpσLq ď Up0,s˚q and UHpσHq ď Up0,s˚q.

2. If RHS of condition (5) is violated at some c2 ą s˚, then there exists a strictly profitable

discriminatory persuasion mechanism pσL, σHq that is Pareto-improving.
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(a) The principal strictly prefers pσL, σHq to the single experiment σp0,s˚q;

(b) ULpσLq ě Up0,s˚q and UHpσHq ě Up0,s˚q.

Proof. To prove the first statement, fix c1 ă s˚ at which LHS of condition (5) is violated.

Recall that the principal can strictly increase her payoff by offering the following menu

pσL, σHq:

1. σL is an upper-censorship experiment with a cutoff s˚
´ ϵ for some sufficiently small

ϵ ą 0. Since s˚
´ ϵ ă s˚, σp0,s˚q dominates σL by the Blackwell order.

2. σH is identical to σp0,s˚q except that it pools a previously fully revealed interval rc1, c1`

δs, where c1 ă s˚.18 Since it is a strict garbling of σp0,s˚q, σp0,s˚q dominates σH by the

Blackwell order.

For a fixed cost c, the agent’s utility from posterior mean m is maxtm ´ c, 0u, which is

convex inm. Therefore, Blackwell dominance implies ULpσLq ď Up0,s˚q and UHpσHq ď Up0,s˚q.

To prove the second statement, fix c2 ą s˚ at which RHS of condition (5) is violated.

The principal constructs the following strictly profitable menu pσL, σHq:

1. σL is an upper-censorship experiment with a cutoff s˚
` ϵ for some ϵ ą 0. Since

s˚
` ϵ ą s˚, σL dominates σp0,s˚q by the Blackwell order.

2. σH is identical to σp0,s˚q except that it reveals a previously pooled interval rc2, c2 ` δs

with c2 ą s˚. It is a refinement of the pooling region of σp0,s˚q, and thus σH dominates

σp0,s˚q by the Blackwell order.

Again, since maxtm ´ c, 0u is convex in m, Blackwell dominance implies that the agent’s

payoff increases, resulting in a Pareto improvement.

The economic intuition lies in the direction of the required informational distortion. In

the Pareto-improving case, the principal finds it profitable to extract more surplus from the

“hard-to-persuade” type (H). To do so, she offers them a more precise signal (revealing states

18As discussed in Section 4.2, δ is chosen so that the menu is incentive compatible. We avoid repetitive

discussions, see the proof of Proposition 1 for details.
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above s˚). To prevent the “easy-to-persuade” type (L) from mimicking type H and accessing

this valuable information, the principal also upgrades L’s experiment (increasing the cutoff

to s˚
` ϵ). Consequently, the principal provides the market with more information, making

the agent better off. The principal’s gain comes from the efficiency gain of better matching

actions to states, not from expropriating the agent’s rent. Conversely, in the exploitative

case, the principal targets type L by degrading L’s information (decreasing the cutoff to

s˚
´ ϵ). To maintain incentive compatibility, she also reduces the information provided

to type H (pooling states below s˚). Here, the principal extracts surplus by creating an

informational scarcity, which reduces the agent’s payoff.

The dichotomy speaks to digital privacy and data regulation. Policymakers often advo-

cate for strict privacy regulations under the premise that preventing discrimination protects

consumers. Our analysis shows that the effect of such a blanket ban is ambiguous. A re-

striction that rules out type-contingent experiments eliminates exploitative menus, but it

may also eliminate profitable menus that raise the agent’s welfare. Therefore, it is impor-

tant to distinguish between “exploitative” and “Pareto-improving” practices before imposing

uniform privacy restrictions. In practice, one possible regulatory tool is to require the plat-

form to offer a non-discriminatory outside option before cost realization, which rules out

exploitative screening.

Below, we provide a numerical illustration by revisiting the example in Section 3.

Remark 4. When condition (5) is violated, a profitable discriminatory persuasion mecha-

nism exists by Proposition 1. The principal gains a higher payoff, but the effect on the agent

is ambiguous. In Section 3, every experiment gives the principal the same ex ante payoff of

0.5. In Figure 1, full disclosure in panel (a) maximizes the agent’s payoff:

ż 1

0

Upcq ¨ gpcq dc “

ż 1

0

p1 ´ cq2

2
dc “

1

6
« 0.1667,

whereas no disclosure in panel (b) minimizes it:

ż 0.5

0

p0.5 ´ cq ¨ gpcqdc “
1

8
“ 0.125.

Even when a discriminatory mechanism raises the principal’s payoff above 0.5, as in the

example of Section 3, the agent’s payoff under that mechanism necessarily lies between the two
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extremes delivered by full disclosure and no disclosure. For example, when the principal offers

a menu of two experiments: the one designed for type L is the upper-censorship experiment

with cutoff ĉ “ 0.475, and the one designed for type H is the lower-censorship experiment

with the same cutoff. The agent’s ex ante payoff is

1

2

ż 1

0

ULpcqgLpcq dc `
1

2

ż 1

0

UHpcqgHpcq dc «
1

2
¨ p0.2468 ` 0.0812q “ 0.164.

Thus, while discrimination benefits the principal, its effect on the agent’s payoff is unclear.

5.2 Type differentiation

Proposition 1 indicates that discrimination becomes attractive when the agent’s first-stage

type is informative about how his second-stage cost is distributed. In the following, we

provide a complementary perspective. We make the types more distinct by shifting type L’s

cost density leftward and type H’s rightward. It is shown that the optimal mechanism for

the original environment remains feasible in the new environment.

Consider the original environment pGL, GHq with densities pgL, gHq, and a new environ-

ment pĜL, ĜHq with densities pĝL, ĝHq. We say that the new environment exhibits greater

type differentiation if

gLpcq

ĝLpcq
is increasing in c and

gHpcq

ĝHpcq
is decreasing in c.

Thus, type L’s cost density shifts leftward and type H’s shifts rightward. It implies that GL

first-order stochastically dominates ĜL, and ĜH first-order stochastically dominates GH .

Let π be the optimal persuasion mechanism under pGL, GHq. By Corollary 2, the ex-

periment for type L can be implemented as an upper-censorship experiment. Denote by

ULpcq, UHpcq the induced indirect utilities. The next result shows that greater type differen-

tiation enlarges the principal’s scope for screening.

Corollary 5. If pĜL, ĜHq exhibits greater type differentiation than pGL, GHq, then pUL, UHq

also satisfies the stage-one incentive constraints under pĜL, ĜHq.

Proof. Let

Dpcq ” ULpcq ´ UHpcq.
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As established in the proof of Proposition 1, the difference ULpcq ´UHpcq has the downward

single crossing property: There exists ĉ P C such that

Dpcq ě 0 for c ď ĉ, Dpcq ď 0 for c ě ĉ.

Consider first the upward incentive compatibility constraint for type L. Since gL{ĝL is

increasing, the ratio ĝL{gL is decreasing. Hence,

ż

C

DpcqĝLpcq dc “

ż

C

Dpcq
ĝLpcq

gLpcq
gLpcq dc ě

ĝLpĉq

gLpĉq

ż

C

DpcqgLpcq dc ě 0.

The first inequality follows because the weight ĝL{gL is relatively larger where D is nonneg-

ative and relatively smaller where D is nonpositive. The second inequality is the original

upward incentive compatibility constraint.

Next, consider the downward incentive compatibility constraint for type H. Since gH{ĝH

is decreasing, the ratio ĝH{gH is increasing. Therefore,

ż

C

DpcqĝHpcq dc “

ż

C

Dpcq
ĝHpcq

gHpcq
gHpcq dc ď

ĝHpĉq

gHpĉq

ż

C

DpcqgHpcq dc ď 0.

Again, the last inequality is the original downward incentive compatibility constraint. As a

result, both incentive compatibility constraints remain satisfied in the new environment.

Corollary 5 implies that the optimal mechanism for the original problem, whether it is a

single experiment or a discriminatory mechanism, remains feasible when the types become

more separated. In other words, greater type separation improves the principal’s flexibility,

either by preserving an existing discriminatory design or by enabling a profitable one.

The results above treat the joint distribution of the first-stage type and second-stage

cost as primitive. In various applications, the principal may have some influence over the

timing, framing, or coarseness with which agents learn about their own environment. In the

following, we provide a comparative statics example that holds fixed the distribution of the

agent’s future cost and varies only how this distribution is split across first-stage types:

fpLqĜL ` fpHqĜH “ G.

The value of every non-discriminatory experiment is unchanged, as a single experiment

depends only on g. Yet as the early type becomes a more predictive signal of the later cost,
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type-contingent disclosure may eventually become profitable. This exercise illustrates how

the scope for type-contingent experiments may change along the path.

Example 3. Let g be a positive, continuously differentiable, and log-concave unconditional

density with s˚
P p0, 1q, where s˚ is the optimal non-discriminatory upper-censorship cutoff

under g. Define m˚
“ Erω | ω ą s˚

s. Suppose that Gps˚
q ă fpLq ă Gpm˚

q.

Let PρpH | cq be the posterior probability that an agent is type H conditional on cost c

for ρ ě 0. We consider the splitting path

log
PρpH | cq

PρpL | cq
“ ρc ` bρ;

that is, PρpH | cq “
exppρc ` bρq

1 ` exppρc ` bρq
. Here, bρ P R is chosen so that

ż 1

0

PρpH | cqgpcq dc “

fpHq. By Bayes’s rule,

gρHpcq “
PρpH | cqgpcq

fpHq
, gρLpcq “

p1 ´ PρpH | cqqgpcq

fpLq
.

Then fpLqgρL ` fpHqgρH “ g for every ρ. As a result, the unconditional distribution of the

second-stage cost is fixed along the path.

The parameter ρ controls the informativeness of the first-stage type about the second-stage

cost in the monotone likelihood-ratio sense. In particular,

gρHpcq

gρLpcq
“

fpLq

fpHq

PρpH | cq

1 ´ PρpH | cq
“

fpLq

fpHq
exppρc ` bρq.

For every ρ ą 0, the likelihood ratio gρH{gρL is strictly increasing in c, and a larger ρ describes

stronger separation. Moreover, because g is log-concave, and

logPρpH | cq “ ρc ` bρ ´ logp1 ` exppρc ` bρqq

and

logp1 ´ PρpH | cqq “ ´ logp1 ` exppρc ` bρqq

are concave in c, both gρH and gρL are log-concave.

• When ρ “ 0, the early type is independent of the later cost. It implies that the first-stage

type contains no information about the second-stage cost.
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• When ρ Ñ 8,

PρpH | cq Ñ

$

’

&

’

%

0, c ă a,

1, c ą a,

where a “ G´1
pfpLqq. The first-stage type becomes informative in the sense that low

costs are associated with type L, and high costs are associated with type H.19

In Appendix A.8, we show that non-discrimination eventually fails; there exists ρ̄ ă 8

such that, for any ρ ą ρ̄, the optimal persuasion mechanism involves information discrimina-

tion. The intuition is as follows. For any fixed c1 ă s˚, since high types place asymptotically

negligible mass on low costs, the term
pgρHq1pc1q

gρLpc1q
converges to zero as ρ Ñ 8. At the same

time, the middle term in condition (5) converges to the strictly positive number

M8 “
fpLq

fpHq

şa

s˚ gpcq dc
şa

s˚pc ´ s˚qgpcq dc
.

For sufficiently large ρ, the left-hand inequality in condition p5q must be violated. By Propo-

sition 1, no single experiment is optimal.

This example suggests a possible incentive behind early segmentation. A platform that

can shape the timing or framing of users’ self-assessment may prefer an early signal that

is predictive of later adoption costs, even when the aggregate distribution of those costs is

unchanged. Such a signal does not directly reveal the user’s realized cost; rather, it creates

groups with different distributions of future costs. On the other hand, policies or technologies

that reduce early segmentation, such as privacy restrictions that limit elicitation of predictive

user characteristics, can reduce this source of discriminatory value. In the limiting case in

which the early type is independent of the later cost, a uniform experiment is without loss.

6 Concluding remarks

This paper studies a persuasion problem in which the agent gradually learns private in-

formation in two stages. We show that gradual information arrival can generate value for

19For every finite ρ, the densities gρL and gρH are positive and smooth on r0, 1s. In the limit, costs below

G´1pfpLqq are assigned to type L, while costs above it are assigned to type H.
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discrimination, in the sense that a menu of experiments may strictly increase the principal’s

payoff. Our necessary and sufficient condition characterizes when such discrimination is prof-

itable. The result suggests that when early-stage types predict meaningful heterogeneity in

agent’s private cost, information discrimination is profitable; otherwise, a single experiment

suffices. We also evaluate the welfare implications and discuss when information discrimi-

nation could be exploitative or Pareto-improving. Our results highlight that the timing of

private information creates scope for information discrimination.

References

Au, Pak Hung, and Keiichi Kawai (2020). Competitive information disclosure by multiple senders.

Games and Economic Behavior, 119:56–78.

Au, Pak Hung, and Keiichi Kawai (2021). Competitive disclosure of correlated information. Eco-

nomic Theory, 72:767–799.

Bardhi, Arjada, and Yingni Guo (2018). Modes of persuasion toward unanimous consent. Theo-

retical Economics, 13:1111–1149.

Bergemann, Dirk, Francisco Castro, and Gabriel Weintraub (2020). The scope of sequential screen-

ing with ex post participation constraints. Journal of Economic Theory, 188:105055.

Bobkova, Nina, and Saskia Klein (2018). Persuading an informed committee. Working paper.

Chan, Jimmy, Seher Gupta, Fei Li, and Yun Wang (2019). Pivotal persuasion. Journal of Economic

Theory, 180:178–202.

Che, Yeon-Koo, Kyungmin Kim, and Konrad Mierendorff (2023). Keeping the listener engaged: a

dynamic model of Bayesian persuasion. Journal of Political Economy, 131:1797–1844.

Chen, Bo, and Bo Chen (2024). Optimal disclosure in all-pay auctions with interdependent valua-

tions. Games and Economic Behavior, 143:204–222.

Courty, Pascal, and Hao Li (2000). Sequential screening. The Review of Economic Studies, 67:697–

717.

Dworczak, Piotr, and Giorgio Martini (2019). The simple economics of optimal persuasion. Journal

of Political Economy, 127:1993–2048.

Dworczak, Piotr, and Anton Kolotilin (2024). The persuasion duality. Theoretical Economics,

32



19:1701–1755.

Ely, Jeffrey, Alexander Frankel, and Emir Kamenica (2015). Suspense and surprise. Journal of

Political Economy, 123:215–260.

Ely, Jeffrey C. (2017). Beeps. American Economic Review, 107:31–53.

Gentzkow, Matthew, and Emir Kamenica (2016). Competition in persuasion. The Review of

Economic Studies, 84:300–322.

Guo, Yingni, Hao Li, and Xianwen Shi (2024). Optimal discriminatory disclosure. Journal of

Economic Theory, 224:105972.

Guo, Yingni, and Eran Shmaya (2019). The interval structure of optimal disclosure. Econometrica,

87:653–675.

Hwang, Ilwoo, Kyungmin Kim, and Raphael Boleslavsky (2023). Competitive advertising and

pricing. Working paper.

Kamenica, Emir, and Matthew Gentzkow (2011). Bayesian persuasion. American Economic Review,

101:2590–2615.

Koh, Andrew, Sivakorn Sanguanmoo, and Weijie Zhong (2025). Persuasion and optimal stopping.

Working paper.

Kolotilin, Anton, Tymofiy Mylovanov, Andriy Zapechelnyuk, and Ming Li (2017). Persuasion of a

privately informed receiver. Econometrica, 85:1949–1964.

Kolotilin, Anton (2018). Optimal information disclosure: A linear programming approach. Theo-

retical Economics, 13:607–635.

Kolotilin, Anton, Timofiy Mylovanov, and Andriy Zapechelnyuk (2022). Censorship as optimal

persuasion. Theoretical Economics, 17:561–585.

Kolotilin, Anton, Roberto Corrao, and Alexander Wolitzky (2025). Persuasion and matching:

Optimal productive transport. Journal of Political Economy, 133:1334–1381.

Krähmer, Daniel, and Roland Strausz (2015). Optimal sales contracts with withdrawal rights. The

Review of Economic Studies, 82:762–790.
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A Appendix

A.1 Binary states

In static Bayesian persuasion settings, Kolotilin et al. (2017) establish the result that every

implementable interim utility can be induced by some experiment. When the state space

is binary, they prove a stronger statement that every persuasion mechanism can be imple-

mented by an experiment. In this section, we present a variation of the classic prosecutor-

judge example adapted to a simple dynamic, binary-state environment (alternatively, a vari-

ation of the setup considered in the main text adapted to a binary-state environment). We

construct a persuasion mechanism that strictly outperforms any experiment for the prin-

cipal. This demonstrates a clear difference from the static case. In the dynamic setting,

neither the mechanism itself nor the interim utility it generates can be replicated using a

non-discriminatory experiment. The principal benefits from being able to informationally

discriminate among different agent types.

Consider a principal trying to persuade an agent to approve a proposal (a “ 1) rather

than reject it (a “ 0). The principal’s utility is state-independent. She receives payoff 1

if the proposal is approved and 0 otherwise. The underlying state of the world, ω P t0, 1u,

represents the quality of the proposal, where ω “ 1 signifies it is “good.” The receiver’s

utility is given by apω ´ cq; thus, the receiver wants to approve (a “ 1) if and only if his

belief that the state is good exceeds his privately known cost threshold c P r0, 1s. The
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principal and agent share a common prior belief that the proposal is good: Prpω “ 1q “ 0.3.

The key departure from the standard prosecutor-judge example is the agent’s private

information, which arrives in two stages. In stage one, the agent observes a type t P tL,Hu,

each occurring with probability 1{2. In stage two, the agent observes the realization of

his cost c P r0, 1s, which is drawn from a density that depends on his type: gLpcq “ 2 ´

2c and gHpcq “ 2c. Note that the unconditional density of c is uniform: gpcq “
1

2
gLpcq `

1

2
gHpcq “ 1.

Suppose that the principal can commit to a menu of experiments. She proposes the

following mechanism:

• If the agent reports type L, he is directed to an experiment that generates two poste-

riors: 0 and 3{5, each with probability 1{2.

• If the agent reports type H, he is directed to a different experiment that generates

posteriors 3{20 and 1 with probabilities 14{17 and 3{17, respectively.

Given the principal’s preferred action is always approval, her value is the probability of

approval. The agent’s optimal strategy is to approve if his posterior belief about ω “ 1

exceeds his cost c. This leads to the following interim utility functions for the agent:

ULpcq “

$

’

’

&

’

’

%

1

2

ˆ

3

5
´ c

˙

, c P r0,
3

5
s,

0, c P p
3

5
, 1s;

UHpcq “

$

’

&

’

%

3

10
´ c, c P r0,

3

20
s,

3

17
p1 ´ cq, c P p

3

20
, 1s.

The mechanism is incentive compatible if neither type wishes to choose the experiment

intended for the other. This requires:

∆L “

ż 1

0

pULpcq ´ UHpcqq gLpcq dc « 0.008 ą 0,

∆H “

ż 1

0

pUHpcq ´ ULpcqq gHpcq dc « 0.024 ą 0.

The principal’s ex ante expected payoff under this discriminatory mechanism is

1

2
¨
1

2

ż 3{5

0

p2 ´ 2cq dc `
1

2

«

14

17

ż 3{20

0

2c dc `
3

17

ż 1

0

2c dc

ff

“ 0.3075.
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If the principal were restricted to offering a single, non-discriminatory experiment, the

agent’s best response would depend only on the posterior belief and his cost c, not on his

type t. However, under the menu proposed above, the approval decisions of type L and H

receivers differ for cost levels c. This implies that the interim allocation rule induced by the

menu cannot be replicated by an experiment.

Furthermore, as can be shown via an argument similar to those in Section 3, the pay-

off achievable by the principal using any non-discriminatory experiment in this setting is

0.3. The discriminatory mechanism yields a strict improvement, as 0.3075 ą 0.3. This

also demonstrates that the principal’s payoff from the optimal persuasion mechanism is not

implementable via any experiment.

A.2 Proof of Lemma 1

Kolotilin et al. (2017, Theorem 1) establish the following result, which greatly simplifies IC2

in our setting.

For each t P T , the following three statements are equivalent:

1. Ut P U ;

2. there exists πpt, ¨, ¨q satisfying IC2 that gives cost-c agent expected payoff Utpcq;

3. there exists an experiment σ that gives cost-c agent expected payoff Utpcq.

Given type t, for any persuasion mechanism satisfying IC2, the principal’s payoff extracted

from type-t agent can be equivalently written as

ż

cPC

ż

ωPΩ

πpt, c, ωqϕpωqgtpcq dω dc “ gtp0qErωs `

ż

cPC

Utpcqg
1
tpcq dc.

Based on the above results, for any π satisfying IC2 and t P T , we can let Ut P U denote

the indirect utility for type-t agent. Conversely, given Ut P U , there exists a persuasion

mechanism π satisfying IC2. The principal’s ex ante payoff can be written as

gp0qErωs ` fpLq

ż

cPC

ULpcqg1
Lpcq dc ` fpHq

ż

cPC

UHpcqg1
Hpcq dc,

where the first term is a constant number.
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We only need to establish the equivalence between IC1 and the two inequality constraints

in Problem (I). Recall that IC1 requires the agent to have no incentive to deviate starting

from stage one. In the IC2 condition (1), the type t affects a cost-c agent’s expected payoff

only through the π function; thus, t can also be interpreted as a misreported type. Conse-

quently, (1) implies that even if the agent misreports in stage one, he will truthfully report

his cost and follow the recommendation in stage two. That is,

Uπpt̂, c, 0, 1 | t, cq ě Uπpt̂, ĉ, a0, a1 | t, cq

for any t, c, t̂, ĉ, a0, a1. As a result, a persuasion mechanism satisfying IC2 also satisfies IC1

if and only if the induced indirect utility functions UL, UH satisfy
ż

cPC

Utpcq dGtpcq ě

ż

cPC

Ut̂pcq dGtpcq

for all t, t̂ P T .

A.3 Proof of Lemma 2

Since g1 satisfies DSCP, the solution of Problem (S) can be implemented by an upper-

censorship experiment; see Kolotilin et al. (2017) and Kolotilin, Mylovanov and Zapechelnyuk

(2022). Fix an arbitrary upper-censorship experiment σp0,sq. The induced expected utility

for an agent with cost c is given as follows:

Up0,sqpcq “

$

’

’

’

’

’

&

’

’

’

’

’

%

pErω|ω ą cs ´ cqp1 ´ Φpcqq, c P r0, ss;

pErω|ω ą ss ´ cqp1 ´ Φpsqq, c P
`

s,Erω|ω ą ss
‰

;

0, c P
`

Erω|ω ą ss, 1
‰

.

The derivative of

ż

cPC

Up0,sqpcqg
1
pcq dc with respect to s is

ϕpsq

ż Erω|ωąss

s

pc ´ sqg1
pcq dc.

To identify the optimal s for maximizing

ż

cPC

Up0,sqpcqg
1
pcq dc, we discuss three cases.

• Erω|ω ą ss ă ŝ: since ϕpsq

ż Erω|ωąss

s

pc ´ sqg1
pcq dc ě 0, it is (weakly) profitable to

increase s.
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• s ą ŝ: since ϕpsq

ż Erω|ωąss

s

pc ´ sqg1
pcq dc ď 0, it is (weakly) profitable to decrease s.

• s ď ŝ ď Erω|ω ą ss: we shall show that ϕpsq

ż Erω|ωąss

s

pc ´ sqg1
pcq dc satisfies DSCP in

s within this range.

To establish DSCP, we consider s such that

ż Erω|ωąss

s

pc ´ sqg1
pcq dc ď 0.

Fix any s1
P C such that s1

ą s and s1
ď ŝ ď Erω|ω ą s1

s. We have

ż Erω|ωąs1s

s1

pc ´ s1
qg1

pcq dc

“

ż ŝ

s1

c ´ s1

c ´ s
loomoon

increasing in c

pc ´ sqg1
pcq

looooomooooon

ě0

dc `

ż Erω|ωąs1s

ŝ

c ´ s1

c ´ s
loomoon

increasing in c

pc ´ sqg1
pcq

looooomooooon

ď0

dc

ď

ż ŝ

s1

ŝ ´ s1

ŝ ´ s
pc ´ sqg1

pcq
looooooooomooooooooon

ě0

dc `

ż Erω|ωąs1s

ŝ

ŝ ´ s1

ŝ ´ s
pc ´ sqg1

pcq
looooooooomooooooooon

ď0

dc

ď

ż ŝ

s

ŝ ´ s1

ŝ ´ s
pc ´ sqg1

pcq dc `

ż Erω|ωąss

ŝ

ŝ ´ s1

ŝ ´ s
pc ´ sqg1

pcq dc

“
ŝ ´ s1

ŝ ´ s

ż Erω|ωąss

s

pc ´ sqg1
pcq dc

ď0.

Thus,

ż Erω|ωąss

s

pc ´ sqg1
pcq dc satisfies DSCP in s. It implies that the smallest s˚ in

r0, ŝs with s˚
ď ŝ ď Erω|ω ą s˚

s and

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

pcq dc ď 0

is optimal.

A.4 A technical result

Lemma 3. Consider two functions g1, g2 : C “ r0, 1s Ñ R`. Suppose that
g2pcq

g1pcq
is strictly

increasing in c. For any function w : C Ñ R satisfying the DSCP,
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1. whenever

ż 1

0

wpcqg1pcq dc ď 0 (resp., ă 0), it must be true that

ż 1

0

wpcqg2pcq dc ď 0

(resp., ă 0);

2. whenever

ż 1

0

wpcqg2pcq dc ě 0 (resp., ą 0), it must be true that

ż 1

0

wpcqg1pcq dc ě 0

(resp., ą 0).

Proof. Fix any ĉ P C such that wpcq ě 0 for all c ď ĉ and wpcq ď 0 for all c ě ĉ. Choose

α ą 0 such that α
g2pĉq

g1pĉq
“ 1. Then for all c ă ĉ, α

g2pcq

g1pcq
ă 1; for all c ą ĉ, α

g2pcq

g1pcq
ą 1.

Hence,

ż 1

0

wpcqg2pcq dc “
1

α

ż 1

0

wpcqg1pcqα
g2pcq

g1pcq
dc

“
1

α

ż ĉ

0

wpcqg1pcq
loooomoooon

ě0

α
g2pcq

g1pcq
loomoon

ď1

dc `
1

α

ż 1

ĉ

wpcqg1pcq
loooomoooon

ď0

α
g2pcq

g1pcq
loomoon

ě1

dc

ď
1

α

ż ĉ

0

wpcqg1pcq dc `
1

α

ż 1

ĉ

wpcqg1pcq dc

“
1

α

ż 1

0

wpcqg1pcq dc.

The fact that

ż 1

0

wpcqg2pcq dc ď
1

α

ż 1

0

wpcqg1pcq dc directly implies that the lemma holds.

A.5 Proof of Proposition 1

Before providing the proof of Proposition 1, we first show the following lemma.

Lemma 4.

s˚
L ď s˚

ď s˚
H .

Proof. Recall the definitions in Section 4.1. By Assumptions 1 and 2, it is immediate that

ŝL ă ŝH . Suppose by way of contradiction that s˚
L ą s˚

H . According to the definitions of s˚
H

and s˚
L and the observation that ŝL ă ŝH , we have the following ranking:

s˚
H ă s˚

L ď ŝL ă ŝH ď Erω|ω ą s˚
Hs ă Erω|ω ą s˚

Ls.

Define wpcq “ Up0,s˚
Lqpcq ´ Up0,s˚

Hqpcq. Since s˚
L is the smallest number in r0, ŝLs such that

s˚
L ď ŝL ď Erω|ω ą s˚

Ls and

ż

cPC

Up0,s˚
Lqpcqg

1
Lpcq dc is maximized,

ż

cPC

wpcqg1
Lpcq dc ą 0. By
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integration by parts, we have
ż

cPC

w1
pcqgLpcq dc “ ´

ż

cPC

wpcqg1
Lpcq dc ă 0.

Note that w is a non-negative and single-peaked function satisfying wp0q “ wp1q “ 0. Hence,

w1 satisfies the DSCP. Since
gHpcq

gLpcq
is strictly increasing, due to Lemma 3,

ż

cPC

wpcqg1
Hpcq dc “ ´

ż

cPC

w1
pcqgHpcq dc ą 0;

that is
ż

cPC

rUp0,s˚
Lq ´ Up0,s˚

Hqspcqg
1
Hpcq dc ą 0.

It contradicts the optimality of s˚
H . Therefore, s

˚
L ď s˚

H .

The fact that s˚
L ď s˚

ď s˚
H can be established through the same logic based on the strict

monotonicity of
gL
g

and
g

gH
.

Part (a). Proof for the if direction.

Case I: s˚
ą 0. Recall that in this case, (4) holds.

Step 1. We first construct a candidate Lagrange multiplier λ ě 0.

Recall that s˚ and ŝ, s˚
L, s

˚
H , ŝL, and ŝH are defined in Section 4.1. Define

λ ” ´fpLq

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Lpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
. (7)

We first show that λ ě 0.

By Lemma 4, s˚
L ď s˚, implying that Erω|ω ą s˚

Ls ď Erω|ω ą s˚
s.

• If s˚
ě ŝL, then

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

Lpcq dc ď 0,

as g1
L is non-positive for c ě ŝL.

• If s˚
ă ŝL, then it must be the case that

s˚
L ď s˚

ă ŝL ă Erω|ω ą s˚
Ls ď Erω|ω ą s˚

s.

Following the same argument as in the third case of the proof of Lemma 2,
ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

Lpcq dc ď 0.
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Hence, the right-hand side of (7) is nonnegative, implying that λ ě 0.

Step 2. Given the above λ, we need to show that among all candidates in U , Up0,s˚q max-

imizes L1. Since

„

fpLq
g1
Lpcq

gLpcq
` λ

ȷ

gLpcq satisfies DSCP, the optimal UL can be implemented

by an upper-censorship experiment. It suffices to identify the optimal σp0,sq to maximize L1.

By (7),

ż Erω|ωąs˚s

s˚

pc ´ s˚
q

„

fpLq
g1
Lpcq

gLpcq
` λ

ȷ

gLpcq dc “ 0.

Because of the monotonicity of
g1
L

gL
and the definition of λ,

„

fpLq
g1
Lpcq

gLpcq
` λ

ȷ

gLpcq is non-

negative when evaluated at c ď s˚, and nonpositive when evaluated at c ě Erω|ω ą s˚
s.

Repeating the argument in the third case of the proof of Lemma 2, for all s ă s˚ (resp.

s ą s˚),
ż Erω|ωąss

s

pc ´ sq

„

fpLq
g1
Lpcq

gLpcq
` λ

ȷ

gLpcq dc ě 0 (resp. ď 0).

Hence, the optimal UL to maximize L1 can be implemented by σp0,s˚q.

Step 3. Given λ, we shall show that among all candidates in U , Up0,s˚q maximizes L2.

Towards this end, we first identify an upper bound of L2 for UH P U , and then show that

UH “ Up0,s˚q attains this upper bound.

Given λ,

L2 “

ż

cPC

UHpcq

„

fpHq
g1
Hpcq

gLpcq
´ λ

ȷ

gLpcq dc

“fpHq

ż

cPC

UHpcq

»

—

—

—

—

–

g1
Hpcq `

fpLq

fpHq

şErω|ωąs˚s

s˚ pc̃ ´ s˚qg1
Lpc̃q dc̃

şErω|ωąs˚s

s˚ pc̃ ´ s˚qgLpc̃q dc̃
¨ gLpcq

loooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooon

”Ψpcq

fi

ffi

ffi

ffi

ffi

fl

dc

“fpHq

ż s˚

0

UHpcqΨpcq dc ` fpHq

ż 1

s˚

UHpcqΨpcq dc

“fpHq

ż s˚

0

UHpcqΨpcq dc ´ fpHq

«

ż 1

s˚

UHpcq d

ż Erω|ωąs˚s

c

Ψpĉq dĉ

ff

“fpHq

ż s˚

0

UHpcqΨpcq dc ´ fpHq

„

UHp1q
loomoon

“0

ż Erω|ωąs˚s

1

Ψpĉq dĉ

´ UHps˚
q

ż Erω|ωąs˚s

s˚

Ψpĉq dĉ ´

ż 1

s˚

ż Erω|ωąs˚s

c

Ψpĉq dĉ ¨ U 1
Hpcq dc

ȷ

. (8)
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Notice that

ż 1

s˚

ż Erω|ωąs˚s

c

Ψpĉq dĉ ¨ U 1
Hpcq dc

“ ´

ż 1

s˚

U 1
Hpcq d

ż Erω|ωąs˚s

c

pĉ ´ cqΨpĉq dĉ

“ ´ U 1
Hp1q

loomoon

“0

ż Erω|ωąs˚s

1

pĉ ´ 1qΨpĉq dĉ ` U 1
Hps˚

q

ż Erω|ωąs˚s

s˚

pĉ ´ s˚
qΨpĉq dĉ

`

ż 1

s˚

ż Erω|ωąs˚s

c

pĉ ´ cqΨpĉq dĉ
loooooooooooooomoooooooooooooon

ď0 as we show below

¨ U2
Hpcq

loomoon

ě0

dc

ďU 1
Hps˚

q

ż Erω|ωąs˚s

s˚

pĉ ´ s˚
qΨpĉq dĉ.

The inequality follows from the observation that

ż Erω|ωąs˚s

c

pĉ ´ cqΨpĉq dĉ

“

ż Erω|ωąs˚s

c

pĉ ´ cq

«

g1
Hpĉq `

fpLq

fpHq

şErω|ωąs˚s

s˚ pc̃ ´ s˚qg1
Lpc̃q dc̃

şErω|ωąs˚s

s˚ pc̃ ´ s˚qgLpc̃q dc̃
¨ gLpĉq

ff

dĉ

“

«

şErω|ωąs˚s

c
pĉ ´ cqg1

Hpĉq dĉ
şErω|ωąs˚s

c
pĉ ´ cqgLpĉq dĉ

`
fpLq

fpHq

şErω|ωąs˚s

s˚ pc̃ ´ s˚qg1
Lpc̃q dc̃

şErω|ωąs˚s

s˚ pc̃ ´ s˚qgLpc̃q dc̃

ff

ż Erω|ωąs˚s

c

pĉ ´ cqgLpĉq dĉ,

which equals 0 for c “ s˚ by (4), and is nonpositive for c ą s˚ by (5).

Thus,

p8q

ďfpHq

„
ż s˚

0

UHpcq Ψpcq
loomoon

ě0 for căs˚ by p5q

dc ` UHps˚
q

ż Erω|ωąs˚s

s˚

Ψpcq dc
looooooooomooooooooon

ě0 as shown below

` U 1
Hps˚

q

ż Erω|ωąs˚s

s˚

pc ´ s˚
qΨpcq dc

looooooooooooooomooooooooooooooon

“0

ȷ

ďfpHq

«

ż s˚

0

UpcqΨpcq dc ` Ups˚
q

ż Erω|ωąs˚s

s˚

Ψpcq dc

ff

.

The second inequality follows from the observation above that

ż Erω|ωąs˚s

c

pĉ´ cqΨpĉq dĉ takes

the value 0 at c “ s˚ and is nonpositive when c ą s˚. Thus, ´

ż Erω|ωąs˚s

s˚

Ψpĉq dĉ, its
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derivative at c “ s˚, is no greater than 0. As a result, we have established an upper bound

for L2 among U .

Next, we shall show that UH “ Up0,s˚q attains this upper bound of L2. When UH “ Up0,s˚q,

U 1
Hpcq is the constant U

1
ps˚

q on rs˚,Erω|ω ą s˚
ss, and is 0 on pErω|ω ą s˚

s, 1s. As a result,
ż 1

s˚

ż Erω|ωąs˚s

c

Ψpĉq dĉ ¨ U 1
Hpcq dc “U

1
ps˚

q

ż Erω|ωąs˚s

s˚

ż Erω|ωąs˚s

c

Ψpĉq dĉ dc

“U
1
ps˚

q

ż Erω|ωąs˚s

s˚

pĉ ´ s˚
qΨpĉq dĉ “ 0,

where the second equality is derived by changing the order of integration. Hence,

L2 “ fpHq

«

ż s˚

0

UpcqΨpcq dc ` Ups˚
q

ż Erω|ωąs˚s

s˚

Ψpcq dc

ff

.

It implies that UH “ Up0,s˚q attains the above upper bound of L2.

Case II: s˚
“ 0.

We follow the same argument as in Case I up to the point where an upper bound for L2

is established in Step 3.

p8q ďfpHq UHp0q
loomoon

“Erωs

ż Erωs

0

Ψpcq dc ` fpHq U 1
Hp0q

loomoon

“´1

ż Erωs

0

pc ´ 0qΨpcq dc

“fpHq

ż Erωs

0

pErωs ´ cqΨpcq dc.

To show that UH “ Up0,0q attains this upper bound of L2, notice that

L2 “

ż

cPC

UHpcq

„

fpHq
g1
Hpcq

gLpcq
´ λ

ȷ

gLpcq dc

“fpHq

ż 1

0

UHpcqΨpcq dc

“fpHq

ż Erωs

0

pErωs ´ cqΨpcq dc.

The second and third equalities follow from the definitions of Ψpcq and Up0,0q. This completes

the proof for Case II.

Part (b). Proof for the only if direction.

The failure of (5) means either the LHS inequality is violated for some c1 ă s˚, or the

RHS inequality is violated for some c2 ą s˚ (or both). We first provide a roadmap of the

argument and then give the details.
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• Step 1: LHS violation. We lower the cutoff for type L to s˚
´ ϵ and modify type H’s

experiment by pooling a small interval around c1; the pooling interval is chosen so that

type L is indifferent.

• Step 2: RHS violation. We raise the cutoff for type L to s˚
` ϵ and add a revealing

interval for type H around c2, again keeping indifference for type L.

Importantly, we show that the principal’s payoff increases for sufficiently small ϵ in both

cases. The upward incentive compatibility constraint holds due to the indifference for

type L.

• Step 3: The constructed menu in both cases above satisfies the upward IC1 constraint.

Thus, they are feasible persuasion mechanisms for Problem (II) and yield strictly higher

payoffs than that of the non-discriminatory persuasion mechanism. It means that the

optimal value of Problem (II) must be strictly higher.

We then prove a general result: the UL function of the optimal solution of Problem (II)

can be induced by an upper-censorship experiment, and the upward IC1 constraint

must bind. These two properties further imply that the downward IC1 constraint is

automatically satisfied. Consequently, any optimal solution of Problem (II) is also

feasible for the original Problem (I). Therefore, the optimal persuasion mechanism

to Problem (I) yields a strictly higher payoff than the optimal non-discriminatory

persuasion mechanism, implying that the optimal persuasion mechanism must involve

discrimination.

Step 1: Suppose that there is some c1 ă s˚ such that the LHS inequality in (5) is

violated, or equivalently, Ψpc1q ă 0, where

Ψpcq ” g1
Hpcq `

fpLq

fpHq

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Lpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
¨ gLpcq. (9)

It is immediate that s˚
ą 0.

As we describe in the text, let the new experiment designed for type L be σp0,s˚´ϵq.

Construct a new experiment for type H as follows:

• fully revealing on r0, c1s Y rc1 ` δ1pϵq, s
˚
s;
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• pooling on pc1, c1 ` δ1pϵqq;

• pooling on ps˚, 1s.

The choice of δ1pϵq is such that

ż

cPC

Up0,s˚´ϵqpcqgLpcq dc “

ż

cPC

Uδ1pϵqpcqgLpcq dc, (10)

where ϵ ą 0 is sufficiently small such that s˚
´ ϵ ą 0 and c1 ` δ1pϵq ă s˚. Here, Uδ1pϵqpcq

refers to the expected utility cost-c agent receives from experiment designed for the H type.

The expression of Uδ1pϵqpcq is given as follows:

Uδ1pϵqpcq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

pErω|ω ě cs ´ cqp1 ´ Φpcqq, c P r0, c1q;

pErω|ω ě c1s ´ cqp1 ´ Φpc1qq, c P
“

c1,Erω|c1 ď ω ă c1 ` δ1pϵqs
˘

;

pErω|ω ě c1 ` δ1pϵqs ´ cqp1 ´ Φpc1 ` δ1pϵqqq, c P
“

Erω|c1 ď ω ă c1 ` δ1pϵqs, c1 ` δ1pϵq
˘

;

pErω|ω ě cs ´ cqp1 ´ Φpcqq, c P rc1 ` δ1pϵq, s˚
q;

pErω|ω ě s˚
s ´ cqp1 ´ Φps˚

qq, c P
“

s˚,Erω|ω ě s˚
s
˘

;

0, c P
“

Erω|ω ě s˚
s, 1

‰

,

The principal’s payoff under the menu of experiments is equal to

gp0qErωs ` fpLq

ż

cPC

Up0,s˚´ϵqpcqg
1
Lpcq dc ` fpHq

ż

cPC

Uδ1pϵqpcqg
1
Hpcq dc. (11)

The partial derivative of (11) with respect to ϵ is

´fpLqϕps˚
´ ϵq

ż Erω|ωąs˚´ϵs

s˚´ϵ

pc ´ s˚
` ϵqg1

Lpcq dc.

The partial derivative of (11) with respect to δ1pϵq is given by

´fpHqϕpc1`δ1pϵqq

ż c1`δ1pϵq

Erω|ωPpc1,c1`δ1pϵqqs

pc1 ` δ1pϵq ´ cqg1
Hpcq dc.

Applying the implicit function theorem to (10), we have

δ1
1pϵq “

ϕps˚ ´ ϵq
şErω|ωąs˚´ϵs

s˚´ϵ
pc ´ s˚ ` ϵqgLpcq dc

ϕpc1`δ1pϵqq
şc1`δ1pϵq

Erω|ωPpc1,c1`δ1pϵqqs
pc1 ` δ1pϵq ´ cqgLpcq dc

.
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Putting the above three parts together, the derivative of (11) with respect to ϵ, evaluated at

ϵ “ 0, can be rewritten as ϕps˚
q times

´ fpLq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

Lpcq dc

´ fpHq

şc1`δ1pϵq

Erω|ωPpc1,c1`δ1pϵqqs
pc1 ` δ1pϵq ´ cqg1

Hpcq dc|δ1pϵqÑ0

şc1`δ1pϵq

Erω|ωPpc1,c1`δ1pϵqqs
pc1 ` δ1pϵq ´ cqgLpcq dc|δ1pϵqÑ0

ż Erω|ωąs˚s

s˚

pc ´ s˚
qgLpcq dc

“ ´ fpLq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

Lpcq dc ´ fpHq
g1
Hpc1q

gLpc1q

ż Erω|ωąs˚s

s˚

pc ´ s˚
qgLpcq dc

ą0,

where the equality follows from the L’Hospital Rule and the inequality follows from (9).

Step 2: Suppose that there is some c2 ą s˚ such that the RHS inequality in (5) is

violated. It is clear that s˚
ă 1. By the definition of Ψ in (9), it is equivalent to

ż Erω|ωąs˚s

c2

pc ´ c2qΨpcq dc ą 0.

Without loss, suppose that c2 ă 1.

As described in the text, let the new experiment designed for type L be σp0,s˚`ϵq and the

one for type H be

• fully revealing on r0, s˚
s Y rc2, c2 ` δ2pϵqs;

• pooling on ps˚, c2q Y pc2 ` δ2pϵq, 1s.

Again, the choice of δ2pϵq is such that

ż

cPC

Up0,s˚`ϵqpcqgLpcq dc “

ż

cPC

Uδ2pϵqpcqgLpcq dc, (12)

where ϵ is sufficiently small such that s˚
` ϵ ă 1 and c2 ` δ2pϵq ă 1. Here, Uδ2pϵqpcq refers to

the expected utility cost-c agent receives from experiment designed for the H type.

Expression Uδ2pϵqpcq can take one of the following three forms specified below.
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1. If X ” E
“

ω|ω P rs˚, c2q Y pc2 ` δ2pϵq, 1s
‰

ď c2, then

Uδ2pϵqpcq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

ż 1

c

pω ´ cqϕpωq dω, c P r0, s˚
q;

ż 1

s˚

pω ´ cqϕpωq dω, c P rs˚, Xq;
ż c2`δ2pϵq

c2

pω ´ cqϕpωq dω, c P rX, c2q;
ż c2`δ2pϵq

c

pω ´ cqϕpωq dω, c P rc2, c2 ` δ2pϵqq;

0, c P rc2 ` δ2pϵq, 1s.

2. If c2 ă X ď c2 ` δ2pϵq, then

Uδ2pϵqpcq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

ż 1

c

pω ´ cqϕpωq dω, c P r0, s˚
q;

ż 1

s˚

pω ´ cqϕpωq dω, c P rs˚, c2q;
ż 1

s˚

pω ´ cqϕpωq dω ´

ż c

c2

pω ´ cqϕpωq dω, c P rc2, Xq;
ż c2`δ2pϵq

c

pω ´ cqϕpωq dω, c P rX, c2 ` δ2pϵqq;

0, c P rc2 ` δ2pϵq, 1s.

3. If X ą c2 ` δ2pϵq, then

Uδ2pϵqpcq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

ż 1

c

pω ´ cqϕpωq dω, c P r0, s˚
q;

ż 1

s˚

pω ´ cqϕpωq dω, c P rs˚, c2q;
ż 1

s˚

pω ´ cqϕpωq dω ´

ż c

c2

pω ´ cqϕpωq dω, c P rc2, c2 ` δ2pϵqq;
ż 1

s˚

pω ´ cqϕpωq dω ´

ż c2`δ2pϵq

c2

pω ´ cqϕpωq dω, c P rc2 ` δ2pϵq, Xq;

0, c P rX, 1s.

The partial derivative of the following expression

gp0qErωs ` fpLq

ż

cPC

Up0,s˚`ϵqpcqg
1
Lpcq dc ` fpHq

ż

cPC

Uδ2pϵqpcqg
1
Hpcq dc, (13)

with respect to ϵ is

fpLqϕps˚
` ϵq

ż Erω|ωąs˚`ϵs

s˚`ϵ

pc ´ s˚
´ ϵqg1

Lpcq dc.
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The partial derivative of (13) with respect to δ2pϵq is given by

fpHqϕpc2 ` δ2pϵqq

ż c2`δ2pϵq

X

pc2 ` δ2pϵq ´ cqg1
Hpcq dc.

Applying the implicit function theorem to (12), we have

δ1
2pϵq “

ϕps˚ ` ϵq
şErω|ωąs˚`ϵs

s˚`ϵ
pc ´ s˚ ´ ϵqgLpcq dc

ϕpc2 ` δ2pϵqq
şc2`δ2pϵq

X
pc2 ` δ2pϵq ´ cqgLpcq dc

.

Putting the above three parts together, the derivative of (13) with respect to ϵ, evaluated at

ϵ “ 0, can be rewritten as ϕps˚
q times

fpLq

ż Erω|ωąs˚s

s˚

pc´s˚
qg1

Lpcq dc`fpHq

şErω|ωąs˚s

c2
pc ´ c2qg1

Hpcq dc
şErω|ωąs˚s

c2
pc ´ c2qgLpcq dc

ż Erω|ωąs˚s

s˚

pc´s˚
qgLpcq dc ą 0.

Therefore, by choosing sufficiently small ϵ, in the above two steps, we have constructed

a discriminatory persuasion mechanism that is strictly more profitable than the optimal

non-discriminatory persuasion mechanism, and the upward IC1 constraint is satisfied for

type L.

Step 3: As discussed in the proof sketch, we notice that the constructed menu in both

cases above are feasible persuasion mechanisms for Problem (II). In the following, we shall

show that any solution of Problem (II) is also feasible for the original Problem (I). The opti-

mal persuasion mechanism for Problem (I) therefore yields a strictly higher payoff than the

optimal non-discriminatory persuasion mechanism, implying that discrimination is necessary

for optimal persuasion.

We first prove the following lemma.

Lemma 5. For any pUL, UHq in U that satisfies the upward IC1 constraint in Problem (II),

one can construct ÛL such that

1. ÛL “ Up0,cLq for some cL P r0, 1s;

2. the upward IC1 constraint is satisfied at pÛL, UHq;

3. the principal gets a weakly higher payoff from pÛL, UHq than from pUL, UHq.
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Proof. To construct ÛL, we solve Problem (III) below.

max
ÛLPU

ż

cPC

ÛLpcqg1
Lpcq dc

s.t.

ż

cPC

ÛLpcqgLpcq dc ě

ż

cPC

UHpcqgLpcq dc.

Let cL be such that

ż

cPC

Up0,cLqpcqgLpcq dc “

ż

cPC

UHpcqgLpcq dc.

When cL ď s˚
L, let ÛL be Up0,s˚

Lq. It satisfies the upward IC1 constraint as
ż

cPC

Up0,s˚
LqpcqgLpcq dc ě

ż

cPC

Up0,cLqpcqgLpcq dc “

ż

cPC

UHpcqgLpcq dc.

Because Up0,s˚
Lq maximizes the objective function even without any constraint, it must be a

solution to Problem (III).

When cL ą s˚
L ě 0, let ÛL be Up0,cLq. To see that Up0,cLq is optimal, define

λ ” ´

şErω|ωącLs

cL
pc ´ cLqg1

Lpcq dc
şErω|ωącLs

cL
pc ´ cLqgLpcq dc

,

which is nonnegative. It is clear that the coefficient of ÛL in the Lagrangian of Problem

(III),
g1
L

gL
` λ, exhibits DSCP. As a result, the experiment that implements the optimal ÛL

involves the upper-censorship experiment. Repeating the argument in Step 2 of Part (a), we

can show that ÛL “ Up0,cLq is a solution to Problem (III).

Next, we shall show that the upward IC1 constraint must bind in the solution of Problem

(II). To see this, assume that the upward IC1 constraint is slack. Then UL “ Up0,s˚
Lq and

UH “ Up0,s˚
Hq constitute one optimal solution. By Lemma 4, s˚

L ď s˚
H . When this inequality

is binding, the upward IC1 constraint is binding. When this inequality is strict, the upward

IC1 constraint is violated. In either case, it leads to a contradiction. As a result, the upward

IC1 constraint must bind in the solution of Problem (II).

Finally, it suffices to show that the binding upward IC1 constraint in Problem (II) implies

the downward IC1 constraint in Problem (I); that is,
ż

cPC

Up0,cLqpcqgHpcq dc ď

ż

cPC

UHpcqgHpcq dc.

Towards this end, we shall show that the function Up0,cLq ´UH satisfies DSCP. Suppose that

there exist s1 ă s2 such that

Up0,cLqps1q ă UHps1q, Up0,cLqps2q ą UHps2q.
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By the definition of Up0,cLq, cL ă s1 ă s2 ă Erω|ω ą cLs and

Up0,cLqpcLq ě UHpcLq. (14)

Then we have

UHpcLq ` U 1
Hps1qps1 ´ cLq ěUHps1q

ąUp0,cLqps1q

“Up0,cLqpcLq ` U 1
p0,cLqps1qps1 ´ cLq. (15)

The first inequality holds as UH is convex. The equality holds as Up0,cLq is linear between cL

and Erω|ω ą cLs. Expressions (14) and (15) imply that U 1
Hps1q ą U 1

p0,cLqps1q. Then we have

UHps2q ě UHps1q ` U 1
Hps1qps2 ´ s1q ą Up0,cLqps1q ` U 1

p0,cLqps1qps2 ´ s1q “ Up0,cLqps2q.

This is a contradiction. Thus, Up0,cLq ´ UH satisfies DSCP. The downward IC1 constraint

then follows from Lemma 3.

A.6 Proof of Corollaries 1 and 2

Proof of Corollary 1. Part (a).

• If s˚
“ 0, then (5) equivalently requires that for all c2 ą s˚,

´
fpLq

fpHq

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Lpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
ě

şErω|ωąs˚s

c2
pc ´ c2qg

1
Hpcq dc

şErω|ωąs˚s

c2
pc ´ c2qgLpcq dc

.

The fact s˚
“ 0 implies that

´
fpLq

fpHq

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Lpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
ě

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Hpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
.

As a result, it suffices to show that

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Hpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
ě

şErω|ωąs˚s

c2
pc ´ c2qg

1
Hpcq dc

şErω|ωąs˚s

c2
pc ´ c2qgLpcq dc

, (16)

which is part of (6).

• If s˚
ą 0, then (5) is equivalent to (6).
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Therefore, in both cases, it suffices to show that (6) holds.

Assume that
g1
Hpcq

gLpcq
is decreasing in c P C. Obviously, the first inequality in (6) holds;

that is, for any c1 ă s˚,

g1
Hpc1q

gLpc1q
ě

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Hpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
.

To show that the second inequality in (6) holds, it is equivalent to showing that

ż Erω|ωąs˚s

c2

pc ´ c2qΨpcq dc ď 0 @c2 P ps˚, 1s,

where

Ψpcq
p4qp9q

“ g1
Hpcq ´

şErω|ωąs˚s

s˚ pc̃ ´ s˚qg1
Hpc̃q dc̃

şErω|ωąs˚s

s˚ pc̃ ´ s˚qgLpc̃q dc̃
gLpcq. (17)

By definition of Ψ,
ż Erω|ωąs˚s

s˚

pc ´ s˚
qΨpcq dc “ 0.

Also, by the assumption that
g1
Hpcq

gLpcq
is decreasing,

Ψpcq

gLpcq
is decreasing in c P C. It further

implies that Ψ must satisfy the DSCP. Let ĉ be one crossing point of Ψ identified similarly

as in (2). Then it must be the case that s˚
ă ĉ.

For c2 P ps˚, ĉs,

ż Erω|ωąs˚s

c2

pc ´ c2qΨpcq dc

“

ż ĉ

c2

pc ´ s˚
q ¨

c ´ c2
c ´ s˚

Ψpcq
loomoon

ě0

dc `

ż Erω|ωąs˚s

ĉ

pc ´ s˚
q ¨

c ´ c2
c ´ s˚

Ψpcq
loomoon

ď0

dc

ď

ż ĉ

c2

pc ´ s˚
q ¨

ĉ ´ c2
ĉ ´ s˚

Ψpcq dc `

ż Erω|ωąs˚s

ĉ

pc ´ s˚
q ¨

ĉ ´ c2
ĉ ´ s˚

Ψpcq dc

“
ĉ ´ c2
ĉ ´ s˚

¨

ż Erω|ωąs˚s

c2

pc ´ s˚
qΨpcq dc

ď
ĉ ´ c2
ĉ ´ s˚

¨

ż Erω|ωąs˚s

s˚

pc ´ s˚
qΨpcq dc

looooooooooooooomooooooooooooooon

“0

“0.
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For c2 P
`

ĉ,Erω|ω ą s˚
s
‰

, it is obvious that

ż Erω|ωąs˚s

c2

pc ´ c2q
loomoon

ě0

Ψpcq
loomoon

ď0

dc ď 0.

For c2 P
`

Erω|ω ą s˚
s, 1

‰

, notice that the lower limit of the integration below is higher

than the upper limit, and thus

ż Erω|ωąs˚s

c2

pc ´ c2q
loomoon

ď0

Ψpcq
loomoon

ď0

dc ď 0.

As a result, the second inequality of (6) also holds.

In sum, (6) holds, and the optimal persuasion mechanism can be implemented by a single

experiment.

Part (b). Suppose that (4) holds and
g1
Hpcq

gLpcq
is strictly increasing in c P C.

If s˚
ą 0, then for all c1 ă s˚,

g1
Hpc1q

gLpc1q
ă

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Hpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc

p4q
“ ´

fpLq

fpHq

şErω|ωąs˚s

s˚ pc ´ s˚qg1
Lpcq dc

şErω|ωąs˚s

s˚ pc ´ s˚qgLpcq dc
.

Namely, the first inequality in (5) is violated.

Next, consider the case s˚
“ 0. It is clear that

Ψpcq

gLpcq
, where Ψ is defined in (9) and

equivalently in (17) given (4), is strictly increasing in c P C. It is negative when c “ 0, and

positive when c ě Erωs. Hence, there exists a unique point ĉ P p0,Erωsq such that Ψpĉq “ 0,

Ψpcq ă 0 for c ă ĉ, and Ψpcq ą 0 for c ą ĉ. It must be the case that s˚
ă ĉ ă Erω|ω ą s˚

s.

For c2 P ps˚, ĉs, repeating the argument in Part (a), one shows that

ż Erω|ωąs˚s

c2

pc ´ c2qΨpcq dc ą 0.

This inequality along with (9) implies that the second inequality in (5) is violated for c2.

In sum, the optimum must involve a discriminatory persuasion mechanism.

Proof of Corollary 2. In Appendix A.5, we have shown that there exists cL P C such that the

experiment designed for L type is the upper-censorship experiment σp0,cLq, and the L-type

agent is indifferent between the two experiments.

Since
g1
Hpcq

gLpcq
is increasing, fpHq

g1
Hpcq

gLpcq
´ λ in L2 from Appendix A.5 satisfies USCP. It

implies that the solution of L2 can be chosen to be a lower-censorship experiment.
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A.7 Multiple types

In the following, we extend the analysis to the general setting where the agent has more than

two private types at the first stage.

Let T “ tt1, t2, ..., tKu with K ě 2. For 1 ď k ď K, we slightly abuse notation by letting

fpkq denote the probability that type tk is realized, and Gkp¨q and gkp¨q be the distribution

and density of cost c conditional on type tk. For each k, the density gk is positive and

continuously differentiable. We restate Assumptions 1 and 2 as follows.

Assumption 1’. For 1 ď k ď K, gkpcq and gpcq are log-concave in c.

Assumption 2’. For 1 ď k ď K ´ 1, the likelihood ratio
gk`1pcq

gkpcq
is strictly increasing in c.

To solve the original problem (i.e., Problem (O)), following Lemma 1, it is equivalent to

studying the following Problem (M):

max
tUkuk“1,...,KĎU

ÿ

k“1,...,K

fpkq

ż

cPC

Ukpcqg1
kpcq dc

s.t.

ż

cPC

Ukpcqgkpcq dc ě

ż

cPC

Uk1pcqgkpcq dc, @k, k1
P t1, ..., Ku.

For each k P t1, ..., Ku, let s˚
k be the candidate cutoff for an upper-censorship experiment:

s˚
k ” min

#

s P r0, ŝks : s ď ŝk ď Erω|ω ą ss,

ż Erω|ωąss

s

pc ´ sqg1
kpcq dc ď 0

+

,

where ŝk is defined in the same way as ŝ in (2) with g1 replaced by g1
k. That is, s

˚
k is defined

via (3) under the density gk, and Up0,s˚
k q maximizes the surplus extracted from a type-tk

agent:

max
UPU

ż

cPC

Upcqg1
kpcq dc. (18)

Analogously, s˚ is defined via (3) under the unconditional density g.

The lemma below generalizes Lemma 4. It proves that ts˚
ku follows the increasing order-

ing, indicating that higher types (with stochastically higher costs via MLRP) are associated

with higher cutoffs in the optimal upper-censorship experiments if types are known to the

principal.

Lemma 6. There is some k˚
P t1, ..., Ku such that

s˚
1 ď . . . ď s˚

k˚ ă s˚
ď s˚

k˚`1 ď . . . ď s˚
K .
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Proof. In the hypothetical situation that the agent’s type t P T is publicly observable, the

principal’s problem is

max
UtPU

ż

cPC

Utpcqg
1
tpcq dc. (19)

Recall that by replacing the density g with gt in (2), we can define a crossing point of g1
t as

ŝt. Similarly, by replacing the density g with gt in (3), we can define an optimal cutoff of

problem (19) as s˚
t ; namely, σp0,s˚

t q is an experiment that implements the solution of (19).

By Assumptions 1’ and 2’, it is immediate that ŝ1 ă ŝ2 ă . . . ă ŝK . Choose any

1 ď i ă j ď K. The proof then follows the same argument as that in the proof of Lemma 4

by replacing i and j with L and H.

Consider a relaxed variant of Problem (M) where only the upward incentive compatibility

constraints across k˚ are imposed; namely, we only impose all ICptk, tk1q, where k ď k˚
ă k1.

If we can show that tUk “ Up0,s˚qukPt1,...,Ku solves this relaxed problem, then it obviously also

solves Problem (M) as the omitted constraints are trivially satisfied.

As in Problem (II), the Lagrangian of this relaxed problem is

L “
ÿ

k“1,...K

fpkq

ż

cPC

Ukpcqg1
kpcq dc `

ÿ

kďk˚,k1ąk˚

λk,k1

ż

cPC

rUkpcq ´ Uk1pcqs gkpcq dc

“
ÿ

k“1,...,K

Lk,

where

Lk “

ż

cPC

Ukpcq

«

fpkqg1
kpcq `

ÿ

k1ąk˚

λk,k1gkpcq

ff

dc, @k ď k˚,

Lk1 “

ż

cPC

Uk1pcq

«

fpk1
qg1

k1pcq ´
ÿ

kďk˚

λk,k1gkpcq

ff

dc, @k1
ą k˚.

Following Remark 1, one needs to identify a class of appropriate Lagrange multipliers

tλk,k1u so that Up0,s˚q maximizes all Lk and Lk1 . Lemma 7 below establishes the candidate

Lagrange multipliers.

Lemma 7. There are nonnegative tλk,k1ukďk˚,k1ąk˚ satisfying the following conditions.
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1. When s˚
“ 0,

ż Erω|ωąs˚s

s˚

pc ´ s˚
q

«

fpkqg1
kpcq `

ÿ

k1ąk˚

λk,k1gkpcq

ff

dc ď 0, @k ď k˚, (20)

ż Erω|ωąs˚s

s˚

pc ´ s˚
q

«

fpk1
qg1

k1pcq ´
ÿ

kďk˚

λk,k1gkpcq

ff

dc ď 0, @k1
ą k˚. (21)

2. When s˚
P p0, 1q, both (20) and (21) are binding.

3. When s˚
“ 1,

fpkqg1
kp1q `

ÿ

k1ąk˚

λk,k1gkp1q ě 0, @k ď k˚, (22)

fpk1
qg1

k1p1q ´
ÿ

kďk˚

λk,k1gkp1q ě 0, @k1
ą k˚. (23)

For k ď k˚, fpkq
g1
kpcq

gkpcq
`

ÿ

k1ąk˚

λk,k1 is decreasing by Assumption 1’. Following the argument

in Lemma 2, Up0,s˚q maximizes Lk. For k
1

ą k˚, denote

Ψk1pcq “ fpk1
qg1

k1pcq ´
ÿ

kďk˚

λk,k1gkpcq.

The monotonicity of fpk1
q
g1
k1pcq

gk1pcq
´

ÿ

kďk˚

λk,k1

gkpcq

gk1pcq
is unclear, as both

g1
k1pcq

gk1pcq
and

gkpcq

gk1pcq
|kďk˚

are decreasing.

In the following proposition, we extend Proposition 1 to the setting with more than binary

first-stage types. In particular, we provide a sufficient condition for the optimal persuasion

mechanism to be non–discriminatory; namely, Up0,s˚q maximizes all Lk where k P t1, ..., Ku.20

Proposition 2. The optimal persuasion mechanism can be implemented by an experiment

tUk “ Up0,s˚qukPt1,...,Ku if for any k1
ą k˚, c1 ă s˚, and c2 ą s˚,

Ψk1pc1q ě 0 and

ż Erω|ωąs˚s

c2

pc ´ c2qΨk1pcq dc ď 0.

Before proving Proposition 2, we first provide the proof for Lemma 7.

Proof of Lemma 7. We divide the proof into three cases.

20Sufficient conditions for profitable information discrimination can be derived along similar lines as those

in Sections 4.2 and 4.3 by “merging” multiple high types into one and treating it as type H in the two-type

setup.
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Case I: s˚
P p0, 1q.

For each k ď k˚, define a k˚
ˆ pK ´ k˚

q matrix:

Bk
“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

0 . . . 0
...

. . .
...

0 . . . 0
ż Erω|ωąs˚s

s˚

pc ´ s˚
qgkpcq dc . . .

ż Erω|ωąs˚s

s˚

pc ´ s˚
qgkpcq dc

0 . . . 0
...

. . .
...

0 . . . 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Ð k-th row ,

and a pK ´ k˚
q ˆ pK ´ k˚

q matrix:

Ck
“ ´

ż Erω|ωąs˚s

s˚

pc ´ s˚
qgkpcq dc ¨ I,

where I is the pK ´ k˚
q ˆ pK ´ k˚

q identity matrix. Construct a K ˆ k˚
pK ´ k˚

q matrix

A “

»

–

B1 . . . Bk˚

C1 . . . Ck˚

fi

fl .

Next, define a K-dimensional vector

b “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

´fp1q

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

1pcq dc

...

´fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc

...

´fpKq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

Kpcq dc

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

We shall show that for any K-dimensional vector y such that ATy ě 0, it must be true

that bT
¨ y ě 0. Assuming that ATy ě 0, it is equivalent to

yk

ż Erω|ωąs˚s

s˚

pc ´ s˚
qgkpcq dc ´ yk1

ż Erω|ωąs˚s

s˚

pc ´ s˚
qgkpcq dc ě 0

for all k ď k˚ and k1
ą k˚, which implies that yk ě yk1 .
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Define ȳ ” max
k1ąk˚

yk1 . We have that

bT
¨ y

“ ´
ÿ

kPt1,...,Ku

ykfpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc

“ ´
ÿ

kďk˚

yk
loomoon

ěȳ

fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc
looooooooooooooomooooooooooooooon

ď0

´
ÿ

kąk˚

yk
loomoon

ďȳ

fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc
looooooooooooooomooooooooooooooon

ě0

ě ´
ÿ

kďk˚

ȳfpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc ´
ÿ

kąk˚

ȳfpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc

“ ´ȳ
ÿ

kPt1,...,Ku

fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc

loooooooooooooooooooooooomoooooooooooooooooooooooon

“0

“ 0.

By Farkas’ lemma, there exists a nonnegative vector λ such that A ¨λ “ b. Denote it as

λT
“

`

λ1,1, . . . , λ1,pK´k˚q, . . . , λk,1, . . . , λk,pK´k˚q, . . . , λk˚,1, . . . , λk˚,pK´k˚q

˘

.

The elements in the vector λ are the Lagrange multipliers tλk,k1ukďk˚,k1ąk˚ .

Case II: s˚
“ 0.

In this case,
ÿ

kPt1,...,Ku

fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc ď 0.

Repeating the argument in Case I, if ATy ě 0 for a nonnegative K-dimensional vector

y, then yk ě yk1 for any k ď k˚
ă k1. Suppose y ě 0 and ATy ě 0. Let ȳ “ max

k1ąk˚
yk1 . Then

pbq
T

¨ y

“ ´
ÿ

kďk˚

yk
loomoon

ěȳ

fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc
looooooooooooooomooooooooooooooon

ď0

´
ÿ

kąk˚

yk
loomoon

ďȳ

fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc
looooooooooooooomooooooooooooooon

ě0

ě ´
ÿ

kďk˚

ȳfpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc ´
ÿ

kąk˚

ȳfpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc
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“ ´ ȳ
loomoon

ě0

ÿ

kPt1,...,Ku

fpkq

ż Erω|ωąs˚s

s˚

pc ´ s˚
qg1

kpcq dc

loooooooooooooooooooooooomoooooooooooooooooooooooon

ď0

ě 0.

By Farkas’ Lemma, there exists a nonnegative vector λ such that A ¨ λ ď b. It implies (20)

and (21).

Case III: s˚
“ 1.

By the discussion in Section 4.1, when s˚
“ 1, it must be the case that

ÿ

kPt1,...,Ku

fpkqg1
kpcq ě 0, @c P C,

which implies that
ÿ

kPt1,...,Ku

fpkqg1
kp1q ě 0. Similarly, for each k1

ą k˚, g1
k1p1q ě 0, and for

each k ď k˚ such that s˚
k ă 1, g1

kp1q ď 0.

We shall modify A and b as follows:

Bk
“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

0 . . . 0
...

. . .
...

0 . . . 0

gkp1q . . . gkp1q

0 . . . 0
...

. . .
...

0 . . . 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Ð k-th row , Ck
“ ´gkp1q ¨ I,

A “

»

–

B1 . . . Bk˚

C1 . . . Ck˚

fi

fl , b “

»

—

—

—

—

—

—

—

—

—

–

´fp1qg1
1p1q

...

´fpkqg1
kp1q

...

´fpKqg1
Kp1q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

We need to show that for any K-dimensional column vector y ě 0 such that AT
¨ y ď 0,

bT
¨ y ď 0. Repeating the argument in Cases I and II, when AT

¨ y ď 0, 0 ď yk ď yk1 for all
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k ď k˚
ă k1. Define ȳ “ min

kąk˚
yk. Then we have

bT
¨ y “ ´

ÿ

kPt1,...,Ku

ykfpkqg1
kp1q

“ ´
ÿ

kďk˚

yk
loomoon

ďȳ

fpkq g1
kp1q

loomoon

ď0

´
ÿ

kąk˚

yk
loomoon

ěȳ

fpkq g1
kp1q

loomoon

ě0

ď ´
ÿ

kďk˚

ȳfpkqg1
kp1q ´

ÿ

kąk˚

ȳfpkqg1
kp1q

“ ´ ȳ
loomoon

ě0

ÿ

kPt1,...,Ku

fpkqg1
kp1q

loooooooooomoooooooooon

ě0

ď0.

By Farkas’ Lemma, there exists a nonnegative vector λ such that A ¨ λ ě b. That is,

fpkqg1
kp1q `

ÿ

k1ąk˚

λk,k1gkp1q ě 0, @k ď k˚,

fpk1
qg1

k1p1q ´
ÿ

kďk˚

λk,k1gkp1q ě 0,@k1
ą k˚.

Now we are ready to prove Proposition 2.

Proof of Proposition 2. We divide the proof into three cases; namely, s˚
P p0, 1q, s˚

“ 1, and

s˚
“ 0.

Case I: s˚
P p0, 1q. For each k ď k˚, by Assumption 1’,

fpkq
g1
kpcq

gkpcq
`

ÿ

k1ąk˚

λk,k1

is decreasing, implying that it satisfies DSCP. By (20) in Lemma 7 and the argument in

Lemma 2, Up0,s˚q P U maximizes Lk for k ď k˚.

To prove the result for k1
ą k˚, we shall modify the argument in Part (a) of the proof

of Proposition 1. Specifically, we first identify an upper bound of Lk1 for Uk1 P U . Then we

show that Uk1 “ Up0,s˚q attains this upper bound.
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We have that

Lk1 “

ż

cPC

Uk1pcqΨk1pcq dc

“

ż s˚

0

Uk1pcqΨk1pcq dc `

ż 1

s˚

Uk1pcqΨk1pcq dc

“

ż s˚

0

Uk1pcqΨk1pcq dc ´

«

ż 1

s˚

Uk1pcq d

ż Erω|ωąs˚s

c

Ψk1pĉq dĉ

ff

“

ż s˚

0

Uk1pcqΨk1pcq dc ´

„

Uk1p1q
loomoon

“0

ż Erω|ωąs˚s

1

Ψk1pĉq dĉ

´ Uk1ps˚
q

ż Erω|ωąs˚s

s˚

Ψk1pĉq dĉ ´

ż 1

s˚

ż Erω|ωąs˚s

c

Ψk1pĉq dĉ ¨ U 1
k1pcq dc

ȷ

. (24)

Notice that
ż 1

s˚

ż Erω|ωąs˚s

c

Ψk1pĉq dĉ ¨ U 1
k1pcq dc

“ ´

ż 1

s˚

U 1
k1pcq d

ż Erω|ωąs˚s

c

pĉ ´ cqΨk1pĉq dĉ

“ ´ U 1
k1p1q

loomoon

“0

ż Erω|ωąs˚s

1

pĉ ´ 1qΨk1pĉq dĉ ` U 1
k1ps˚

q

ż Erω|ωąs˚s

s˚

pĉ ´ s˚
qΨk1pĉq dĉ

`

ż 1

s˚

ż Erω|ωąs˚s

c

pĉ ´ cqΨk1pĉq dĉ
looooooooooooooomooooooooooooooon

ď0 by the assumption

¨ U2
k1pcq

loomoon

ě0

dc

ďU 1
k1ps˚

q

ż Erω|ωąs˚s

s˚

pĉ ´ s˚
qΨk1pĉq dĉ

“0.

Thus,

p24q ď

ż s˚

0

Uk1pcq Ψk1pcq
loomoon

ě0 by the assumption

dc ` Uk1ps˚
q

ż Erω|ωąs˚s

s˚

Ψk1pcq dc
loooooooooomoooooooooon

ě0 as shown below

ď

ż s˚

0

UpcqΨk1pcq dc ` Ups˚
q

ż Erω|ωąs˚s

s˚

Ψk1pcq dc.

The second inequality follows from the observation that

ż Erω|ωąs˚s

c

pĉ ´ cqΨk1pĉq dĉ takes the

value 0 at c “ s˚ and is nonpositive when c ą s˚. Thus, ´

ż Erω|ωąs˚s

s˚

Ψk1pĉq dĉ, its derivative

at c “ s˚, is no greater than 0. To this end, we have established an upper bound of Lk1 .
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Next, we show that Uk1 “ Up0,s˚q attains this upper bound. When Uk1 “ Up0,s˚q, U
1
k1pcq is

constant U
1
ps˚

q on rs˚,Erω|ω ą s˚
ss, and equals 0 on pErω|ω ą s˚

s, 1s. As a result,

ż 1

s˚

ż Erω|ωąs˚s

c

Ψk1pĉq dĉ ¨ U 1
k1pcq dc “U

1
ps˚

q

ż Erω|ωąs˚s

s˚

ż Erω|ωąs˚s

c

Ψk1pĉq dĉ dc

“U
1
ps˚

q

ż Erω|ωąs˚s

s˚

pc ´ s˚
qΨk1pcq dc

loooooooooooooooomoooooooooooooooon

“0 by binding p21q from Lemma 7 Part 2

“0,

where the second equality is derived by changing the order of integration. Hence,

Lk1 “

ż s˚

0

UpcqΨk1pcq dc ` Ups˚
q

ż Erω|ωąs˚s

s˚

Ψk1pcq dc.

Therefore, Uk1 “ Up0,s˚q maximizes Lk1 .

Case II: s˚
“ 0. We follow the argument of Case I till establishing an upper bound of Lk1 :

p24q ď Uk1p0q
loomoon

“Erωs

ż Erωs

0

Ψk1pcq dc ` U 1
k1p0q

loomoon

“´1

ż Erωs

0

pc ´ 0qΨk1pcq dc

“

ż Erωs

0

pErωs ´ cqΨk1pcq dc.

To see that Uk1 “ Up0,0q attains the above upper bound, notice

ż

cPC

Up0,0qpcqΨk1pcq dc “

ż Erωs

0

pErωs ´ cqΨk1pcq dc.

This completes the proof for Case II.

Case III: s˚
“ 1. For each k ď k˚, by Assumption 1’,

fpkq
g1
kpcq

gkpcq
`

ÿ

k1ąk˚

λk,k1

is decreasing. By (22), we know that

fpkqg1
kpcq `

ÿ

k1ąk˚

λk,k1gkpcq ě 0, @c P C.

As a result, Up0,s˚“1q maximizes Lk for k ď k˚.

For k1
ą k˚, by assumption, Ψk1pcq ě 0 for any c ď s˚. Thus, Up0,s˚“1q maximizes Lk1 .
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A.8 Proof of the claim in Example 3

First fix ρ ě 0. The map

b ÞÑ

ż 1

0

exppρc ` bq

1 ` exppρc ` bq
gpcq dc

is continuous and strictly increasing in b, with limits 0 and 1 as b Ñ ´8 and b Ñ `8,

respectively. Since fpHq P p0, 1q, there is a unique bρ such that

ż 1

0

PρpH | cqgpcq dc “ fpHq.

By construction,

fpLqgρLpcq ` fpHqgρHpcq “ p1 ´ PρpH | cqqgpcq ` PρpH | cqgpcq “ gpcq.

The unconditional cost density is fixed along the path.

We have discussed the monotone likelihood ratio property and log-concavity in the ex-

ample. It remains to prove that the information discrimination happens when ρ is large. For

ρ ą 0, define aρ “ ´
bρ
ρ
. Then PρpH | cq “

1

1 ` expr´ρpc ´ aρqs
. We claim that

aρ Ñ a “ G´1
pfpLqq.

First, note that the sequence taρu is bounded for large ρ. Indeed, if aρ ě 1 ` η for η ą 0

along some subsequence, then

PρpH | cq “
1

1 ` expr´ρpc ´ aρqs
ď expr´ρpaρ ´ cqs ď expp´ρηq

uniformly in c P r0, 1s, so
ż 1

0

PρpH | cqgpcq dc Ñ 0,

contradicting the fact that

ż 1

0

PρpH | cqgpcq dc “ fpHq ą 0. Similarly, if aρ ď ´η for η ą 0

along some subsequence, then PρpH | cq Ñ 1 uniformly on r0, 1s, contradicting fpHq ă 1.

Hence, taρu is bounded for large ρ.

Now take any sequence ρn Ñ 8 and any convergent subsequence, say taρnu itself, such

that aρn Ñ b for some parameter b. As

PρnpH | cq “
1

1 ` expr´ρnpc ´ aρnqs
,

for every c ‰ b,

PρnpH | cq Ñ

$

’

&

’

%

0, c ă b,

1, c ą b.

62



By dominated convergence,

fpHq “ lim
nÑ8

ż 1

0

PρnpH | cqgpcq dc “

ż 1

b

gpcq dc “ 1 ´ Gpbq.

As a result, b “ G´1
pfpLqq “ a. Thus, every convergent subsequence of taρu has the same

limit a, implying that aρ Ñ a. Consequently,

PρpH | cq Ñ

$

’

&

’

%

0, c ă a,

1, c ą a.

Because the unconditional density g is fixed, the non-discriminatory cutoff s˚ and the

pooled posterior mean m˚ are fixed along the path. For the environment indexed by ρ, define

the middle term in condition p5q of Proposition 1 by

Mρ “ ´
fpLq

fpHq

şm˚

s˚ pc ´ s˚qpgρLq1pcq dc
şm˚

s˚ pc ´ s˚qgρLpcq dc
.

We shall show that Mρ converges to a strictly positive number.

First,
ż m˚

s˚

pc ´ s˚
qgρLpcq dc “

1

fpLq

ż m˚

s˚

pc ´ s˚
qp1 ´ PρpH | cqqgpcq dc.

Since s˚
ă a ă m˚, by the dominated convergence,

ż m˚

s˚

pc ´ s˚
qgρLpcq dc Ñ

1

fpLq

ż a

s˚

pc ´ s˚
qgpcq dc ą 0.

Next, by the integration by parts,

ż m˚

s˚

pc ´ s˚
qpgρLq

1
pcq dc “ pm˚

´ s˚
qgρLpm˚

q ´

ż m˚

s˚

gρLpcq dc.

Since m˚
ą a, gρLpm˚

q Ñ 0. Also,

ż m˚

s˚

gρLpcq dc Ñ
1

fpLq

ż a

s˚

gpcq dc.

Therefore,
ż m˚

s˚

pc ´ s˚
qpgρLq

1
pcq dc Ñ ´

1

fpLq

ż a

s˚

gpcq dc ă 0.

Combining the convergence above, we obtain

Mρ Ñ M8 :“
fpLq

fpHq

şa

s˚ gpcq dc
şa

s˚pc ´ s˚qgpcq dc
ą 0.
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Choose any c1 P p0, s˚
q. Since s˚

ă a, we have c1 ă a. Following from

gρHpcq “
PρpH | cqgpcq

fpHq
, gρLpcq “

p1 ´ PρpH | cqqgpcq

fpLq
,

and

P 1
ρpcq “ ρPρpH | cqp1 ´ PρpH | cqq,

we have
pgρHq1pcq

gρLpcq
“

fpLq

fpHq

„

ρPρpH | cq `
PρpH | cq

1 ´ PρpH | cq

g1pcq

gpcq

ȷ

.

Since c1 ă a and aρ Ñ a, there exists ∆ ą 0 such that aρ ´ c1 ě ∆ for all sufficiently

large ρ. Hence

Pρpc1q “
1

1 ` exprρpaρ ´ c1qs
ď expp´ρ∆q.

implying that

ρPρpc1q Ñ 0,
Pρpc1q

1 ´ Pρpc1q
Ñ 0.

Since g1
pc1q{gpc1q is finite, we have

pgρHq1pc1q

gρLpc1q
Ñ 0.

This violates the left-hand inequality in condition p5q of Proposition 1 for all sufficiently

large ρ. Because a single experiment is always feasible, this means that a discriminatory

menu strictly improves on the best non-discriminatory experiment.
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